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There are five sections in this chapter. They are 
intended to be studied consecutively in five study 
sessions. Each session requires two to three hours. 


The pattern of study for each session might be as 
follows. 


Study session 1: Section 1. 
Study session 2: Section 2. 
Study session 3: Section 3. 
Study session 4: Section 4. 
Study session 5: Section 5. 


Section 3 can be studied at any time after you 
have completed Section 1. 


Subsection 1.2 requires the use of an audio 
cassette player. Subsection 4.2 will not be 
assessed. Section 5 requires the use of the 
computer together with Computer Book C. 


Throughout this chapter it is often convenient to 
refer to a general function as f(a) rather than f. 
This is a common abuse of notation. 


The optional Video Band C(iii), Algebra 


workout — Integration, could be viewed at 
any stage during your study of this chapter. 


In this chapter we continue to use calculus to model situations which 
involve continuous change. As explained in the Introduction to Block C, 
calculus has two main branches, called differentiation and integration. 
Chapter Cl was concerned with the first of these, and showed how the 
process of differentiation can be used to answer questions such as the 
following: How fast is something changing? Is it increasing or decreasing? 
Does it ever stop changing, permanently or temporarily? 


In the Introduction to Block C, these questions were accompanied by two 
others: How does the change accumulate? How can the change be 
described by an equation? Study of the process of integration will enable 
us to answer the first of these questions, and to ‘solve’ equations of the 
type referred to in the second question, which are known as differential 
equations. However, the topic of differential equations is covered mainly in 
Chapter C3. 


An example of ‘accumulating change’ is provided by the relationship 
between the velocity of a car and its position at any time. You saw in 
Chapter Cl that the instantaneous velocity of an object, such as a car, can 
be calculated by differentiating its position function with respect to time. 
We now consider instead the opposite situation, and ask how much can be 
deduced about the car’s position from knowledge of its velocity function. 
Here the velocity is the rate of change of position, and the total change of 
position over some time interval is, roughly speaking, the accumulation of 
all the instantaneous changes which take place during the interval. It is 
integration which makes precise what is meant by an ‘accumulation of 
instantaneous changes’, and hence enables progress to be made. As 
suggested by this example, integration is a process which ‘undoes’ or 
reverses the effect of differentiation, and it is from this point of view that 
we start to study integration. The ‘accumulation’ aspect can be seen 
initially as a separate way of looking at integration, though there is a link 
between these two approaches which is of fundamental importance. 


In Section 1 the idea of integration as an ‘undoing’ of differentiation is first 
introduced informally. The outcome of integrating a function is called an 
integral of that function and, in an audio-tape session, you will see how an 
integral can be determined for some standard functions. Section 2 shows 
how further integrals can be obtained using algebraic manipulation and 
the Composite Rule for differentiation, which you saw in Chapter Cl. 


In Section 3 you will see how integration plays an important part in 
analysing the motion of an object, by allowing first its velocity and then its 
position to be deduced from its acceleration. In particular, the case of 
constant acceleration is considered, which includes the basic model for 
objects falling under gravity. 


In Section 4 a distinction is drawn between the indefinite integral 
considered so far and the definite integral. Correspondingly, the emphasis 
shifts from integration as the ‘undoing’ of differentiation to integration as 
an ‘accumulation of changes’. You will see that one application of the 
definite integral is to find areas of regions which are bounded above by the 
graph of the function being integrated. This leads to the idea of an 
integral as an ‘infinite sum’. In Section 5 you will see how the computer 
can be used to obtain both indefinite and definite integrals. 


See Chapter C1, 
Subsection 1.3. 


For example, the object might 
be a car, whose velocity is 
registered on its speedometer 
at each instant of time. 


To study Subsection 1.2, you will need an audio cassette player and Audio 
Tape 3. 


The idea of integration as an ‘undoing’ of differentiation is introduced in 
Subsection 1.1. The outcome of integrating a function is called an integral 
of that function. You will see in Subsection 1.2 how an integral can be 
found for some standard functions. The techniques of integration are best 
assimilated through plenty of practice, so you will find that there is a good 
supply of activities to be worked through here. 


1.1 Undoing differentiation 


In Chapter C1 you saw that the velocity of an object moving in one 
dimension can be described by differentiating the function that describes 
the position of the object in terms of time. Suppose that the object P 
moves along the line shown in Figure 1.1, and that its position s (in 
metres) to the right of a fixed origin at time ¢ (in seconds) is given 

by Ss ae, 


Figure 1.1 Moving object P 


Then the velocity v of P at time t, which is the instantaneous rate of 
change of position, is 
ds ; oe 
v= dt = 6t (in metres per second, ms es 
Suppose now that the information given initially was not about the 
position of the object but about its velocity. If you are told only that P has 
velocity v = 6t, what can be said about its position as a function of time’? 


It is still the case that the position s and velocity v of P are linked by the 
equation ds/dt = v, so we seek an expression for s such that 


ds 
— = 61. 
dt 
A solution to this equation is not hard to find because of the way in which 
the example was set up; the function s = 3¢t? is such a solution. 


What we have done here is to ‘undo’ or ‘reverse’ the process of 
differentiation. This ‘undoing’ of differentiation can be regarded as a 
process in its own right, and it is called integration. The outcome of 
integrating is called an integral, so that s = 3t? is an integral of ds/dt = 6t. 


This may seem straightforward so far, but matters can be harder to resolve 
when an integral is not effectively given in advance as it is in this case. For 
example, we might be told that an object is attached to the end of a 
spring, and oscillates with velocity v = ds/dt = cost. What position can 
the object have at time t? 


On the basis of what you have seen about differentiation, you may be able 
to deduce that a possible position function in this case is s = sint, because 
cost is the derivative of sint, but this requires more thought than the first 
example. 


For the case of the object P, for which an integral s = 3t? was found 
above, the following question can be asked: 


Is s = 3t? the only possible integral of ds/dt = 6t? 
An alternative way of phrasing this question is as follows: 
Is s = 3t? the only function whose derivative is ds/dt = 6t? 


The activity below invites you to investigate this question. 


Activity 1.1 


Differentiate each of the following position functions. What do you notice? 
Meee (b)-s= 37742 § (c) s=V7543F — (d) s=3f —2 


Solutions are given on page 56. 


The outcome of Activity 1.1 suggests that there are many functions whose 
derivative is ds/dt = 6t, and that any function of the form s = 3t? +c, 
where c is a constant, has the same derivative. It turns out that this 
expression for s gives all the functions whose derivative is 6t. We say that 
s = 3t? +c is the indefinite integral of ds/dt = 6t. 


This discussion demonstrates one respect in which integration is somewhat 
more than simply ‘undoing differentiation’. On differentiating a given 
function we obtain a unique derivative, but on integrating a given function 
we are faced with an infinite family of possible functions. 


In terms of the object P whose velocity is given as ds/dt = 6t, the position 
function must have the form s = 3t? +c, and this includes many 
possibilities besides the originally specified position function s = 3t? (for 
which c = 0). You will see in Section 3 how to choose a specific value for c 
that corresponds to a particular motion of the car. 


Generalisation 
We now generalise the mathematical developments described so far. In making general statements 
Suppose that f is any function, and that F is a function whose derivative about integrals we shall 
is equal to f; that is, typically use x to label the 
d independent variable, rather 
Pie 2 or a Fi (1.1) thant (which stood for time 
dx above). 
Then F is called an integral of f. As with the case above of position 
functions arising from a given velocity function, there is more than one 
possible choice for the function F(x) which satisfies equation (1.1). If F(a) 
is one such function, and c is any constant, then F(x) + ¢ also has 
derivative f(x). This follows from the Sum Rule for derivatives, since we See Chapter C1, 
have Subsection 3.2. 
d FP tial F d 
< (F(t) +6) = (F(a) + (6 = fe) +0= fw 


Some texts use the words 
‘antiderivative’ and 
‘primitive’ for what we refer 
to here as an integral. 


The collection of symbols 


[tar 


is pronounced as ‘the integral 
of f of x with respect to x’ or 
simply as ‘the integral of f of 
x dee-x’. 


Tables of derivatives were 
given at the ends of 
Subsections 3.1 and 4.3 in 
Chapter Cl. The second of 


these is also in the Handbook. 


The connection between 
integrals and sums will 
become apparent later in the 
chapter. 


CHAPTER C2 INTEGRATION AND MODELLING 


The expression F(x) + c, where c is any constant, represents all the 
functions whose derivative is f(x). We call F(x) + c the indefinite 
integral of f(x). Since the constant c can take any value, it is described 
as an arbitrary constant, or as the constant of integration. The 
process of finding either an integral or the indefinite integral of a function 
is called integration. 


Thus, if F(a) is any one function whose derivative is f(z), then F(x) is an 
integral of f(x), whereas the expression F'(x) + c, denoting all functions 
whose derivative is f(x), is the indefinite integral of f(a). This indefinite 


integral is denoted by | f(a) dx, so we may write 


| fle) dz = Fla) +e 
where c is an arbitrary constant. 


When finding the indefinite integral of a function f(x), it is natural to 
make the simplest possible choice for the function F(x) (an integral 

of f(x)), and then to add the ‘+c’ to this. This process is demonstrated 
in the following example. 


Example 1.1 Finding an indefinite integral 


Find the indefinite integral of the function f(x) = 42”. 


Solution 


We seek a function F(x) whose derivative is equal to the given function 
f(a) = 42°. As you may recall from Chapter C1, we have 
d 
da 
so F(x) = x* is one possibility. There are others (x* + 1, for example), but 
z* is the simplest. Thus the indefinite integral of f(x) = 42° is given by 


(x*) = 4a", 


[40° ae = ¢* + ¢, 
where c is an arbitrary constant. 


Comment 


The answer x* + c may be checked by differentiating it. The outcome 
should be (and is) the function f(a) = 42° whose indefinite integral we set 
out to find. The indefinite integral of any other function can be checked in 
a similar way. 


The effect of the indefinite integral operation 


ee 


is to undo the effect of the differentiation operation represented by d/dz, 
including the addition of an arbitrary constant. The symbol | is called the 
integral sign. It is an old-fashioned elongated ‘S’, standing for the word 
‘sum’. The function which takes the place of the ‘...’ above is called the 
integrand, that is, the function to be integrated. The symbol dz on the 
end of the integral notation indicates that the integration in this case is to 
be performed with respect to the variable z. 


As you have seen, integration can be performed with respect to variables 
other than x. For example, 


fondu 


represents an integration with respect to the variable u, which ‘undoes’ the 
effect of d/du. Thus, from the result of the integration in Example 1.1, we 
have 


[ae fe = a +c, 
where c is an arbitrary constant. 


This subsection has introduced the idea of integration as an ‘undoing’ of 
differentiation. The next embarks on the task of finding integrals for a 
variety of functions. 


1.2 Integration by inspection 


In Example 1.1, we integrated the function f(a) = 42° by recalling that 
one function with derivative 4x? is x*. In other cases, the power of recall 
may not suffice to produce an integral, or the function to be integrated 
may not be in a form seen previously as the derivative of another function. 


In such a situation, one important approach is to make an informed ‘guess’ 
at an answer! This is not as open-ended a proceeding as it might at first 
sound. Where it will work, the form of the original function suggests what 
type of guess to make. For example, knowing that an integral of 42? is 2’, 
we can ‘guess’ that an integral of the function f(x) = x° will be provided 
by some constant multiple of x*. In fact, the appropriate multiple in this 


case is re because 


d 
a, (at) a ay ea 
Hence an integral of the function f(x) = x° is ¢a*. It is often the case, as 


in this example, that the guess at an integral differs from the eventual 
answer by at most a constant multiple, and that the correct value of this 
multiple can be found rapidly by checking the derivative of the guess and 
then making an appropriate adjustment. 


This ‘guess and check’ approach is profitable precisely because integration 
has the effect of ‘undoing’ differentiation, and because you have already 
built up a body of knowledge concerning derivatives. This knowledge can 
be called on, both as a source of clues while ‘guessing’ the appropriate 
form of function for an integral and in carrying out the check. The phrase 
‘guess and check’ is not used in formal descriptions of this process, which is 
instead called integration by inspection. 


In this subsection, you will see how integration by inspection can provide 
integrals for certain standard functions, leading to the construction of a 
table of basic integrals. You will also see that some of the rules for 
differentiation can be translated into rules for integration, which extend 
your ability to integrate beyond the results in the table. 


Now listen to Audio Tape 3, Band 2, ‘Integration by inspection’. 


Here we use the Constant 
Multiple Rule for derivatives, 
from Chapter Cl, 

Subsection 3.2. 


Reversing differentiation 


F( F(x) Leibniz form: 
Pe eae 
= (F(x)) =F (x) 


KNOW F(x) [=> differentiate, d/ax [> WANT f(x). 


B Reverse situation: ‘undoes’ differentiation 


stands for all functions 
whose derivative is f(x) 


& integral: |POo ax 


Each function has many ‘integrals’ 


aoe e ec differentiate, d/dx a fos 


c i6 any constant, 
6.4051 Se 


& Generalise: 
F(x)+¢ [> differentiate, d/dx Ba ed a9 eg 
& On reversing: 


fFixj=F (x) eae Ea | Fooa = F(x) +6 


arbitrary 
constant 


the indefinite integral of f(x) 


Bm Example: 


“2 => foraneet 


Frame 3 


A table of derivatives 


a> > F069 
C 


O 


sin ( ax ) a COS (ax) 
Aa 
COS (ax) — a gin (ax ) is a 
constant. 
ae ae" 
In(ax) (ax>0O) 1 (ax>0) 


<2 [eae] < 


Frame 4 


Using the table to integrate 
& What is | coe (x ) dx? 


Pix )= cos (x): 


a (sin (x)) =T0S (x) a= 1 in Row J of table 


ax 


50 | coe ea en (xis Cc. 


arbitrary constant 


& What is I dx ? 


aC Awe 

AA K)= ’ 

_ 

~ d (= 1 n= 1 in Row 2 of table 

AZ ee = 

~ dx NB: x° =1andx!=x 
S50 fi =x +e. 


arbitrary constant 


Three integrals for you to do 
& What is [3x2 a ? 


d 


& What is | nx "'dx 2? 


ra a pe , 30 | mrt a = "+ CI. 


Special case n= O: Joa = 


> What ie | Lx (for x > 0)? 
y 
“ ([Inla )=; (a> 0.7. 


{ : 
SO | ce = Habe wank also expressible as 
: | )9@ In (x) +c, where c = In (a) 


ov (a(x) + In (a) 


Integrals not in the table 
& What is |. * dx ? 5 x“ is in table; 
d nx "—' with n= 5. 
a (x “4 = yt . 
Use Constant Multiple Kule: 


Guess: S (bF (x) = b 4 (F(x). 


- 


s 


& What is Join (x) dx? 


4 (cos(xyp eae ). 
dx 


Guess: Check: 
-tos(x) 4 Geely =a ont Se 


50 Join [x\ox = - Cosi ay ec: 


Frame 7 


AZZ 


C. 


_ 


The integral of x" 


Phat is | x" ax? -- 
Replace n by n+1 


_in Row 2 of table. 


First guess: Check: 


y nti 


Second guess: 


ihe te A 
vei 1% 
= fe Seo 7 ) wane Cor n= < 
n+ Does this hold for all n? aicant 
clivide Dy ‘o) 


Frame 8 


Two for you to try 


& What is | em dx? 


d 
x(Le~_|)=Lac™ | 
LL > |) oe 4 re 
Guess: Check: ax (a C | = 
ax 
So | e*ax = ae +C : 


& What is on ( ax feo dx ? 


da 
& sin(coc) e 
Guess: oe Cede (A eal). Cos(axtc.s | ae ( a Sin foe — oe 
i 
20 |coo(ax)ax =| sinlac) + | 


A table of integrals 


wo => Jana 


aandn AX +C 


are 
1 


constants. yt! ae 
+1 In each cage, 


c is an arbitrary 
bx) 5c constant. 


a 
a 


1 
5 gin(ax)+c 


-1 cos (Ax) +¢ 


Combining results 


& What is | ce + 3in(Gx))dx? 


From table: 

(a) e™ has an (b) sin(6x) has an 
integral poe 
in table 


integral s 


I a; \ in table - = 006 (6x) 


Sum Rule: 


= (F(x) +G(x)) 


es ee 


=e * con(6x)] 
o 2) 


> (—-2co0(6) 


= 2°" -omes). 


OR | Cae sin(@x)] A= | e™ dx + | ein (6G x) dx 


ad cae 
=< (F(x)) +2 (G(x), 


3% 1 

a0 — 6 coax) +C only one arbitrary 
constant needed 

in answer 


& What is iE cos (x ) dx? 
From table: cos(x) has an integral sin (x). 
Guess: Check: 
5 sin (x) 4 (5sin(x)) = 5 & (ein(x)) = 5c09(x). 

ax ax 
or | 5008 (x) =5 | c06 (x) ax ‘+6’ is just as 


correct as ‘+ 5c’ 
= bein > ¢ 


| SECTION 1 BASICS OF INTEGRATION — 


Frameil 


Rules for integrals 
B Sum Rule: Ges + g(x))dx = | Fo) ax + Ja(xdan. 


| 


Yo 


EA 


~ & Constant Multiple Rule: | cor eae = b| F(x) dx. 


In Frame 9 you met a table of integrals, which is reproduced as ‘Table 1.1. 


Table 1.1 
Function f(x) Integral / f(x) da 
a (constant) ax+c 
n er | n+l 
x” (n#-1) rer +c¢ 
1 
— (x >0) Ingz+c 
z 
gor —<— + C 
a 
cos(az) —sin(ax) + ¢ 
a 
1 
sin(ax) ——cos(ar) +c 
a 


The Sum Rule and Constant Multiple Rule for integrals are 


[(F@)+9(a)) ae = | f(v)dr + f g(x) ax, (1.2) 


[ese) — bf f(0) = (1.3) 


where b is any non-zero constant. These can be combined into the rule 


[(af@) + bg(x)) dx = af f(a) dx + bf g(a) de. (1.4) 


where a and 6 are any non-zero constants. 


Activity 1.2 More practice in applying the table and rules 


Find each of the following indefinite integrals, using Table 1.1 and the 
rules for integration stated in equations (1.2)—(1.4), as appropriate. 


(a) / € + “ dx (x>0) (b) / (sva - 7) ge. [ee 0) 


(c) [( sin(wt) + bcos(wt))dt (where a, b and w are constants) 


(d) j (22°! SS ee 4e-* | e- fe > 0 


Solutions are given on page 56. 


B Combined: I af( x) +bg( x))dx = al (x) dx + b | a(x) dx. 


This table is in the 
Handbook. 


In each case, c is an arbitrary 
constant. 


Note that e®” can be written 
also as exp(az). The constant 
a here, and in the entries for 
cos(aa) and sin(aa), can take 
any non-zero value. 


A similar rule can be written 
down for the integral of a sum 
of three or more constant 
multiples of functions. 


For cases where ‘Table 1.1 
applies, its use, with or 
without the Sum and 
Constant Multiple Rules, 
replaces any need to ‘guess 
and check’. 


Recall that ./x = x1/? and 
met if ae. 


The symbol w is the Greek 
lower-case letter omega. 


These functions may be 
evaluated directly on a 
scientific calculator. 
Sometimes this involves 
pressing a ‘hyp’ key before 
the ‘cos’ or ‘sin’ key. 


You will be expected to be 
able to integrate any of these 
functions ‘by hand’, that is, 
without recourse to a 
calculator or computer. 


Find each of the following indefinite integrals. 
(a) iG he ia iG at 
Solutions are given on page 56. 


Comment 


The functions cosh and sinh (known as the hyperbolic cosine and 
hyperbolic sine, respectively) are defined by 


cosha=<¢(e"+e°) and sinha = Fie —e ) 


Hence in this activity you have shown that 
[ cosh.x da =sinhxa+c and [ sinhardz = coshzr +c, 


which are equivalent to saying that sinh’ = cosh and cosh’ = sinh. 


Summary of Section 1 


This section has introduced: 


© integration as the ‘undoing’ of, or reverse process to, differentiation, 
together with the obtaining of a number of integrals; 


© the indefinite integral of the function f(z), 


[f@ Jo a 
where c is an arbitrary constant and F(z) is an integral of f(x), that 
is, any function whose derivative is f(x); 
© the approach to finding integrals by inspection; 


© the integrals of some commonly-occurring functions, as listed in 
Table 1.1 on page 15; 


© further integrals, which were found using the Constant Multiple Rule 
and Sum Rule for integration (see equations (1.2)—(1.4)). 


Exercise for Section 1 


Exercise 1.1 


Find each of the following indefinite integrals, using ‘Table 1.1 and the 
rules for integration stated in equations (1.2)—(1.4), as appropriate. 


(a) [re dt (b) / & - 5sin(5y) | dy (y>0) 


(c) [200s (=) ds (d) IC + as dv (v>0) (e) fie" dx 


2 Further integration 


In the previous section integration was introduced, and you saw how to 
obtain the indefinite integrals of a variety of functions. This section widens 
the range of functions that you will be able to integrate. 


Subsection 2.1 indicates that basic algebraic rearrangements of the 
integrand can be effective, while Subsection 2.2 shows that the Composite 
Rule from Chapter Cl can assist in finding certain integrals. 


2.1 Using algebraic rearrangements 


Since the start of Block C you have been introduced to the processes of 
differentiation and integration, each of which involves new ideas, notation 
and algebraic rules. Faced with new mathematics, it is natural to 
concentrate on what has just been introduced, rather than on what was 
known and understood previously. However, basic algebra has an 
important part to play in applying calculus. The main message of this 
subsection is that integration can be facilitated by algebraic manipulations 
which are not themselves regarded as being within the scope of ‘calculus’. 


Given a function to be integrated, it is useful to express it in as simple a 
form as possible prior to integration. What ‘simple’ means in mathematics 
depends on the context. For example, consider the function 


FG) ==" — 46 +3 = — 3)\(x — 1). 


The factorised form of f(z) would be regarded as ‘simpler’ than the 
unfactorised form if the object was to find solutions of the equation 
f(x) =0. For the purpose of integrating f(a), on the other hand, the 
unfactorised (expanded) form is the simpler, since we have results that 
enable the integration of sums and constant multiples of powers of x. 


Similar comments apply where division by a power of x is concerned. The 

function g(x) = (2° + 1)/x (x > 0) cannot be matched directly with entries 

in Table 1.1 on page 15, but it may readily be integrated after noting that 
eS a a | 


, > 
g(x) = =o 4 a0 + 
L LL L 


This again is a sum of powers of x (since 1/z = x~!). The strategy of 
‘expressing the integrand in terms of powers of z’ is also applicable where 
roots of x are present, as you saw in Activity 1.2(b). 


Find the indefinite integral of each of the following functions. 


(a) f(x) = ( — 3)(z —1) 


() g(e)=*** @>o) 


(c). hfe) = =P ah 


if 


In part (c), recall that 


Oe = a1/*. 


These rules are: 


See Chapter AO, 
Subsection 3.1. 


GRATION AND MODELLING ee 


Solution 
(a) The indefinite integral of f(x) is 


[(e-3)@-1) de = | (a? - de +3) da 


x® — 4($2°) + 34 +c 
oe = 2¢° a8e+ <; 


a8 
S. 
i 
= 


where c is an arbitrary constant. 


(b) The indefinite integral of g(x) is 


soe Se | 
fH d= [ (ae +=) da 
x x 


= ie’ +lnet+e, 


where c is an arbitrary constant. 
(c) The indefinite integral of h(x) is 


Lbs, i as 2S 7 
[=pe-](ae- aa) 
= [ew a kas | 


= 2(22°/?) — 3(22'/?) + ¢ 


= 47°/? — 6x'/? + ©, 


where c is an arbitrary constant. 
(This can also be written as 
oy oe ey ee, 


but, in general, there is no need to factorise such expressions. ) 


Here are some similar integrals for you to try. 


Activity 2.1 Finding 


indefinite integrals 


Find each of the following indefinite integrals, where x > 0 in parts (b) 
and (c). 


3) / Cane ee / Spas 


Solutions are given on page 56. 


(c) / sx (102" — 5) dx 


You have already seen the rules for combining powers put to use in 
manipulating expressions that involve powers of x. They also prove useful 
in dealing with functions that involve exponentials. 


Find the indefinite integral of each of the following functions. 


(a) fO=e" big 


Solution 
(a) The indefinite integral of f(x) is 


| ge dr = [eer dx 


—e’e *+e 


where c is an arbitrary constant. 
(b) The indefinite integral of g(x) is 


[tee —e*)? dz = / (Cae gp eset (e=2)3) i 


= / (e°° — 2e°** +e **) dr 


ee ae eee ae 
== Ee e€ Ze - e, 


where c is an arbitrary constant. 


Here are some similar integrals for you to try. 


Find each of the following indefinite integrals. 


(a) per az (b) [ete e*) de 


Solutions are given on page 56. 


Using trigonometric formulas 


Sometimes trigonometric formulas permit an integrand to be manipulated 
algebraically into a form where the integral can be recognised from a 
standard table. As you may recall from Chapter A2, the formula 


cos’ @+sin°9=1 (2.1) 


holds for all values of #. A further result follows from this on dividing 
through by cos? 6, for those values of 6 such that cos@ 4 0. This formula is 


1 + tan? 6 = sec’ 0. (22) 


Both of these results have useful applications within calculus, as you will 
see soon. Further trigonometric formulas that have not previously been 
introduced in the course are now stated. ‘These formulas express each of 
sin(2@) and cos(2@) in terms of sin@ and cos, and are known as the 
double-angle formulas. 


Double-angle formulas 


The following formulas apply for any angle 0: 
sin(20) = 2sin @ cos 6; 


cos(20) = cos* 0 —ear 6 =2cos’ @ — 1 = 1.= Zein’ 0. 


Note that e°®, being the cube 
of e ~ 2.718, is a constant. 
Therefore the Constant 
Multiple Rule can be applied 
to this integral. 


See Chapter A2, 
Subsection 3.1. 


A derivation of these formulas 
is given in the Appendix. 


The second and third expressions for cos(2@) are obtained from the first, 
by noting from equation (2.1) that 


sin?@—=1—cos?6 and cos?6=1-—sin’ 8. 


The usefulness of the double-angle formulas to calculus is that they often 
permit products of sines and cosines to be replaced by equivalent 
expressions that are easier to integrate. The following example and 
activity demonstrate this approach. 


Find each of the following indefinite integrals. 
(a) [ cos? x da (b) [ 00s ($x) sin ($2) dx 


Solution 


(a) From the second version of the double-angle formula for cos(2@), with 


0 = x, we have 
cos(2x) = 2cos* x — 1, 
which can be rearranged to give 
cos’ ¢ = $(cos(2x) + 1). 


Hence the required indefinite integral is 


[ cos? a ae = ic cos(2x) + 5) dx 
= 7sin(2x) + 52 +¢, 
where c is an arbitrary constant. 
(This answer can also be expressed, using the double-angle formula for 
sin(20), as $sinawcosa + 52+.) 
(b) From the double-angle formula for sin(20), with 0 = $2, we have 
[ 00s (4x) sin (52) dx = / 5 sin x dx 
=. — 5 COSL-+€, 


where c is an arbitrary constant. 


Here are some similar integrals for you to try. 


Usil Nf _ double-angle formulas in integration 


(a) Using the third version of the double-angle formula for cos(20), show 
that 


sin” x = 3(1—cos(2z)). 


Hence find the indefinite integral 


/ sin? x dz. 


(b) By using the double-angle formulas for sin(2@) and cos(2@) in turn, 
show that 
sin” x cos” x = 4(1 — cos(4z)). 


Hence find the indefinite integral 
/ sin’ x cos’ x dx. 


Solutions are given on page 56. 


Algebraic manipulation by itself will not always reduce the integrand to a 
form where an integral can be obtained from a standard table of integrals. 
However, when faced with a function f(x) to integrate, it suffices to guess 
some function F(a) whose derivative is f(x). This process is similar to 
that referred to as ‘guess and check’ earlier, and is included under the 
heading of integration by inspection. 


(a) Use the Quotient Rule to find dy/dx when y = tanz. 
(b) Find the indefinite integral 


[see xde (—im <a < 57). 


(c) By using equation (2.2) and the result from part (b), find the 
indefinite integral 


2 1 1 
[tan Bde A> oh 6 a 2o). 


Solutions are given on page 57. 


2.2 Using the Composite Rule 


In this subsection the usefulness of integration by inspection is 
demonstrated further, but now we concentrate on cases where progress can 
be made by ‘working back’ from the Composite Rule. As you may recall, 
the Composite Rule states that 


if k(x) = g(f(z)), then k'(x) = g'(f(z)) f(z). 
In Leibniz notation, the corresponding statement is 
dy dydu 
dx dudx 
We shall concentrate here on cases where the ‘outer’ function of the 


composite, g(u), is either a power function or a logarithm function. The 
next activity involves such functions. 


if y= g(u), where u= f(z), then 


This repeats a differentiation 
which you carried out in 
Chapter C1, Subsection 4.2. 


The Composite Rule, also 
called the Chain Rule, was 
introduced in Chapter Cl, 
Subsection 4.3. 


Here we have k(x) = g(f(x)), 
where g(u) = Inu and hence 


gta) = 1/x. 


If f(x) = 2, for which 

f'(x) = 1, then these 
equations give the same 
information as the second and 
third rows in Table 1.1 on 
page 15. 


(a) Use the Composite Rule to find dy/dz in each of the following cases. 
(i)ig=(e?°41P Gi) y=sin’e Gem 44) 
(b) Use your answers to part (a) to find each of the following indefinite 


integrals. 
(i) jf? (x* + 1)* dx (ii) | sin® © cos x dx (iii) / 


Solutions are given on page 57. 


x 
g? +] 


In Activity 2.5, the answers for the three integrals in part (b) were 
provided by the functions whose derivatives were obtained in part (a), 
apart from the need to multiply by an appropriate constant in each case. 
You might wonder how integration by inspection can work in similar 
instances where you are not ‘given the answer’ in this way. 


In effect, this is done by recognising (where feasible) that the form of the 
integrand corresponds to an output from the Composite Rule. If the 
integrand can be identified as having the structure g'(f(x)) f(x), for some 
choice of the functions f and g’, then, by the Composite Rule, an integral 
will be g(f(x)). Recognising such a structure is easier in some cases than 
others, and we continue to restrict attention here to cases where the 
function g is either a power function or a logarithm function. 


To generalise what was done in Activity 2.5, consider first a function of the 
form k(x) = (f(x))"”’, where f is a smooth function and n is any real 
number. We can express k as a composite function of the form 

k(x) = g(f(a)) by letting g be the function with rule g(u) = u”**. Hence 
we have g/(u) = (n+ 1)u” so, according to the Composite Rule, 


k'(x) = 9'(f(2))f'(@) = (n+ I)(F(@))"F(2). 
In other words, we have 

d nm ae 

a. (f(a))" = (n+ DF) F'@). 
On dividing through by n + 1 (for n 4 —1) and recalling that integration is 
the reverse of differentiation, we obtain the formula 


[G@s @ae = — FW)" +e (n 4-1), (2.3) 


where c is an arbitrary constant. 


A similar argument can be carried out, starting with the composite 
function k(x) = In(f(«)), where f(a) > 0. This leads to the formula 


(2) = In L C I 
[Fp = BUE@) +6 (Fa) > 0) (2.4) 


where c is an arbitrary constant. 


Equation (2.4) deals with the case n = —1 which is excluded for 

equation (2.3), since 1/f(x) = (f(ax))~’. Hence equations (2.3) and (2.4) 
together show how to integrate any function of the form (f(x))" f’(2). 
They illustrate how the Composite Rule may be ‘used backwards’ in order 
to recognise integrals. 


SECTION 2. FURTHER INTEGRATION 


Two integration formulas 


[U@)"F'@ de = —— (F@)" +e (W#=1 


n+1 


J () = IN LL ; I 
| Fy t= BU) +e (F(@) > 0 


In each of these formulas, c is an arbitrary constant. 


For example, consider once more the integrand sin* x cos x which you 
integrated in Activity 2.5(b)(ii). Since cos x is the derivative of sin x, this 
integrand can be written as (f(x))*f’(x), where f(x) = sina. The 
corresponding indefinite integral can then be obtained from equation (2.3), 
on putting n = 2: 


2 ; 
[sn rcosxdr = ¢sin°x +c, 


where c is an arbitrary constant. 


The following example and activity relate to similar applications of 
equations (2.3) and (2.4). 


Example 2.4 Applying equations (2.3) and (2.4) __ 
Find each of the following indefinite integrals. 
eet 
@) / x(a’ —1)"de — (b) / mag” 


Solution 


(a) The factor x in the integrand is, except for a constant multiple, the 
derivative of x* — 1, so that we can apply equation (2.3) with 
f(z) =a? —1 and n =3. Since f'(x) = 22, we write « = 4(2z) before 
applying the formula. Thus we have 


[oe —1)°dx= Lf (2 — 1)°(2x) dx 
= ix 4(2*-1)* +c 
a a(x" as 1)* Ss C, 


where c is an arbitrary constant. 


The numerator e** in the integrand is, except for a constant multiple, 
the derivative of the denominator e?* + 1, so we can apply 

equation (2.4) with f(x) = e®” +1. Since f’(x) = 3e°, we write the 
numerator e*” as $(3e°") before applying the formula. Thus we have 


ert 3e3r 
=e af d 
/ est > } = = esx de 1 e: 


= iIn(e** +1) +¢, 


where c is an arbitrary constant. 


Here are some similar cases for you to try. 


When applying formula (2.4) 
in this chapter, you will not 
need to check the condition 
f(x) > 0, since in each case 
f(x) will be positive either for 
all x or for all x in some given 
interval. 


The constant multiple 5 is 
moved here from inside to 
outside the integral, in 
accordance with the Constant 
Multiple Rule. A similar step 
often occurs in other cases, 


including part (b) below. 


In part (c), recall that 

tanx = sinz/(cosz). In 

part (d), note that f’(2) may 
be a constant function. 
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Activity 2.6 Applying equations (2.3) and (2.4) — 
Find each of the following indefinite integrals. 
ea 
(a) [re — 2°) dx (b) / <a di je 7 


(c) [tancae (1n<a<in) (a) [(2e +5)" ae 


Solutions are given on page 57. 


To conclude this section, we return to the theme of Subsection 2.1. 
Sometimes, by writing integrands in alternative though algebraically 
equivalent forms, the applicability of equations (2.3) and (2.4) can be seen. 


Activity 2.7 Integrating after rearrangement 


(a) (i) By using equation (2.1), show that 
sin’ = sin x — cos” rsinz. 


(ii) Hence find the indefinite integral 


/ sin’ x dz. 


(b) By first multiplying top and bottom of the fraction in the integrand 
by x, find the indefinite integral 


l= aoe. 


Solutions are given on page 58. 


Summary of Section 2 


This section has introduced: 


© more advanced examples of integration, including those facilitated by 
algebraic rearrangements which bring the integrand to a form where it 
can be integrated by inspection; 


© rearrangement of integrands which involve trigonometric functions, 
using the double-angle formulas 


sin(20) = 2sin@ cos 6, 

cos(20) = cos? 6 — sin? 9 = 2cos? 6 — 1 = 1 — 2sin’ 8, 
and the identities 

cos? 6 + sin? 6 = 1, 

1+ tan’O = see O 


© extension of integration by inspection to certain cases where the 
differentiation involves the Composite Rule, as described by 
equations (2.3) and (2.4). 


Exercises for Section 2 


Exercise 2.1 


Find each of the following indefinite integrals. 


(a) | tviat (t > 0) (b) jer dx 
(c) fe (x so al =| ae: te (d) [ c05*(4u) du 


Exercise 2.2 


Find each of the following indefinite integrals. 


ate 


(a) [ sinecos® x de (b) pats a 


Exercise 2.3 


(a) By first multiplying top and bottom of the fraction in the integrand 
by e-*, and then applying equation (2.4), find the indefinite integral 


e** — | 
jan 
(b) Show that 
e*t _ J] 2 
ery] ew ET 
Hence find the indefinite integral 


1 
/ dx 
e2r + ] 


(c) By first dividing top and bottom of the fraction in the integrand by z, 
and then applying equation (2.4), find the indefinite integral 


[=# ie 4). 


eilnz 


The particle model for objects 


was introduced in 


Chapter B3, Subsection 4.1. 


For example, the distance 
between s; = 8 and so = —7 
is 


c(i 


In this section we analyse the motion of an object in one dimension; that 
is, where the motion takes place along a single straight line in space. This 
can make sense only if the size of the object is neglected, which means that 
the object is modelled by a particle. Brief reference to motion of this type 
was made in Chapter C1, Subsection 1.3, and in Subsection 1.1 of this 
chapter. The study of motion, without reference either to the forces which 
cause it or to the mass of the moving object, is known as kinematics. 


Subsection 3.1 gives a complete description of the relationships between 
position, velocity and acceleration in one-dimensional motion and shows 
how to apply these concepts in practical situations. Subsection 3.2 focuses 
on the particular case of motion with constant acceleration, for which 
useful general formulas can be derived that link the properties of the 
motion. These formulas are applied to a particular case study. 


3.1 Position, velocity and acceleration 


In order to describe the one-dimensional motion of a particle P which 
represents an object, we choose an axis to coincide with the straight line 
along which the particle travels. This choice amounts to deciding which of 
the two opposite directions along the line is to be regarded as positive, and 
which fixed point on the line is to be selected as an origin for the purpose 
of specifying where the particle is located. Figure 3.1 shows such an axis 
for motion along a horizontal line in the plane of the page. 


Figure 3.1 Axis for motion of particle P 


The axis is labelled by the variable s. For a particular motion, s will vary 
with time t, and ¢ is usually taken as the independent variable. ‘The value 
of s at each time ¢ is called the position of the particle at that time. The 
position s identifies both how far the particle is from the origin and in 
which direction it lies. The word distance is used to describe just the first 
of these, as detailed below. 


Position and distance 


© The position s of a particle, with respect to a chosen axis, 1s a 
measure of how far it is from the origin and of its direction 
relative to the origin. 


The distance |s| of a particle from the origin is a measure of how 
far it is from the origin, irrespective of direction. 


The concept of distance can be extended readily to any two points on the 
s-axis. If s; and s2 are such points, then |s; — s2| is the distance between 
them. 


We refer to the function that gives position s in terms of time t as the 
position function of the particle. This function can be represented by a 
graph of s against t, as illustrated for a particular position function in 
Figure 3.2(a). 


(a) 
Figure 3.2 Graph of the position function s = t®? — 9t? + 15t+ 11 


Using the graph, the motion can be described in words. The particle in 
this case arrives from the negative s-direction, passing through s = 11 at 
t = 0 and slowing down until t = 1, when it comes instantaneously to rest 
at s = 18. It then speeds up in the negative s-direction until t = 3, slows 
down once more, comes to rest instantaneously at s = —14 when t = 5, 
and finally heads off in the positive s-direction with increasing speed. 


For any time t, we can consider the tangent to this graph (see 

Figure 3.2(b)). The gradient of this tangent is the instantaneous rate of 
change of s with respect to t, which is called the velocity v of the particle 
at that time. Hence we have v = ds/dt. When the velocity v is positive 

(t <1 andt> 5), the particle is moving in the positive s-direction, 
whereas when v is negative (1 < t < 5), the particle moves in the negative 
s-direction. The word speed is used to describe just the magnitude of this 
rate of change, without the associated direction. 


Velocity and speed 


© The velocity v = ds/dt of a particle is a measure of how fast it is 
moving and of its direction of motion. 


© The speed |v| of a particle is a measure of how fast it is moving, 
irrespective of its direction of motion. 


The function that gives velocity v in terms of time t is called the velocity 
function of the particle. The velocity function can be represented by a 
graph of v against t. This is illustrated in Figure 3.3(a) for the same 
motion whose position function is shown in Figure 3.2(a). There are clear 
links between the graphs of the position and velocity functions. For 
example, the graph of v in Figure 3.3(a) is above the t-axis for values of t 
where the graph of s in Figure 3.2(a) is increasing, and the graph of v is 
below the t-axis for values of t where the graph of s is decreasing. The 
times t = 1 and t = 5, at which v = 0, are also the times at which the 
particle comes instantaneously to rest, as noted above. 


Most of the values given in 
this paragraph are derived 
from consideration of the 
velocity and acceleration of 
the particle, as described 
later. 


ds 
v= 


= 3t? —18t4+15 
dt a8 


This is in contrast to 
everyday English, where 
‘speed’ and ‘velocity’ mean 
much the same. 


In Chapter B3, 

Subsection 2.2, (constant) 
velocity was introduced as a 
vector quantity in the context 
of motion in three 
dimensions. Since the motion 
here is one-dimensional, the 
velocity can be represented 
adequately by a scalar. A 
similar comment applies to 
position and acceleration. 


The completed-square form of 
the velocity function is 


v = 3(t — 3)* — 12. 


This shows that v has its 
least value, —12, when t = 3. 


Figure 3.3 Graph of velocity function v = 3t? — 18¢ + 15 = 3(t — 1)(t — 5) 


For any time t, we can consider the tangent to this graph (see 
Figure 3.3(b)). The gradient of this tangent is the instantaneous rate of 
change of v with respect to t, which is called the acceleration a of the 


d 
a2 = 6t — 18 particle at that time. Hence we have a = du/dt. 
Acceleration 
There is no separate word to The acceleration a = dvu/dt of a particle is a measure of how fast its 
describe the magnitude of the velocity is changing. 


acceleration, |a|. 


The function that gives the acceleration a in terms of time ¢ is called the 
acceleration function of the particle. As with the position and velocity 
functions, the acceleration function can be represented by a graph, 

this time of a against t. Figure 3.4 illustrates this for the same motion whose 
position and velocity functions were shown in Figures 3.2 and 3.3, respectively. 


Figure 3.4 Graph of the acceleration function a = 6t — 18 = 6(t — 3) 


It is instructive to compare this graph with those of Figures 3.2(a) 
and 3.3(a). This comparison illustrates the following. 


(a) If the particle is moving in the positive s-direction, so that v > 0 
(which occurs for t < 1 or t > 5), then positive acceleration means that 
A ‘speeding up’ motion is the particle speeds up (t > 5) while negative acceleration means that it 


referred to as accelerating, slows down (t < 1). 
while a ‘slowing down’ motion 


| (b) On the other hand, if the particle is moving in the negative s-direction, 
is decelerating. 


so that v < 0 (which occurs for 1 < t < 5), then positive acceleration 
means that it slows down (3 < t < 5) while negative acceleration means 
that it speeds up (1 < t < 3). 


At this point we note the SI units of measurement which are used for the SI stands for ‘Systéme 
kinematic quantities just introduced, and the usual abbreviations for these. International d’Unités’, the 
system of units adopted for 


international usage in 1960. 


SI units for kinematic quantities From here on, you should 


© Time is measured in seconds (s). assume that SI units are 
intended unless stated 


Position is measured in metres (m). 
otherwise. 


7 
© Velocity is measured in metres per second (ms~‘). 
7 


Acceleration is measured in metres per second per second (ms~*). 


As you have seen, time t, position s, velocity v and acceleration a are 
related by the equations 


v= — and a= —. Hence we also have 


2 
Since differentiation leads from position to velocity, and from velocity to a= < (F) = ae 
acceleration, it is integration (the ‘undoing’ of differentiation) which leads 

in the reverse direction. However, as was pointed out in Subsection 1.1 in 

the case of the equation ds/dt = v, integration by itself gives an infinite 

family of possibilities for the position function, because of the constant of 

integration. Further information is needed in order to pin down a 

particular position function, and it is sufficient for this purpose to specify 

the position that the particle occupies at a given time. ‘he same applies 

to finding a particular velocity function from the equation dv/dt = a, 

where the velocity at a given time can be used. The method of obtaining 

first the velocity and then the position from a given acceleration function 

is demonstrated in the following example. 


The motion of a falling parachutist is modelled by a particle moving on an 
s-axis whose positive direction is vertically downwards. The origin for this 
axis corresponds to the point at which the parachute is opened, which 
occurs at time t = 0. According to the model, the acceleration function for 
the subsequent motion is 


a= —21.56 "ae ee 


(a) At the moment the parachute opens, the parachutist has velocity 
30ms~'. Find the velocity function of the parachutist for t > 0. What 
is the limiting speed of the parachutist as t — oo? 


(b) Find the position function of the parachutist for t > 0. 


Solution 
(a) We have 


- Sai Nt ch Se). .2iathn ntti. wile oA). The equation for dv/dt is 
called a differential equation, 
Hence integration gives since it involves the derivative 
1 of an unknown function. You 


ao [(-275e15) er [+ =) ee re will see more about such 
= 2e71-25t 4 ; > equations in Chapter C3. 


where c is an arbitrary constant. 


This limiting speed, for a 
falling object, is called the 
terminal speed of the object. 
While the limit tf — oo is 
never attained (the 
parachutist eventually reaches 
the ground!), the speed 
rapidly becomes very close to 
the terminal speed. For 
example, when ¢ = 10, 


o= De 12.5 ie 
~ 8.000 08. 


Here 10ms~? is a convenient 


approximation to the 
magnitude of the acceleration 
due to gravity, which is 
g=9.8ms * to 1 decimal 
place. 


Putting v = 30 and t = 0 into this equation, we find that 
30 = 22e° + c= 22+, so c= 8. Hence, after the parachute opens, the 
velocity function is 


p= ie eS Ee), 


—1.25¢ 


Since lim € = 0, the limiting speed is lim jv] = 8ms*. 


(b) On integrating 


d 
= =v =e #48 (¢> 0), 
we obtain 


a / (226-125 + 8) dt 


1 
Le A (==) pote + St +C¢ 


= Ee ee. 
where c is an arbitrary constant. 


However, due to the stated choice of origin, we have s = 0 when t = 0, 
so 0 = —17.6e° + 8 x 0+; that is, c= 17.6 (a different constant from 
that labelled as c in part (a)). We conclude that, after the parachute 
opens, the position function is 


s=—1tGe eS 17.6 
= 17.6(1—e°'*")+8t (t>0). 


In the next activity, you can try a similar problem for yourself. 


The motion of a falling person attached to one end of a bungee (elastic 
rope) is modelled by a particle moving on an s-axis whose positive 
direction is vertically downwards. The origin for this axis corresponds to 
the launch platform for the person. The other end of the bungee is 
attached to the launch platform. Assuming that air resistance is ignored, 
the acceleration function for the free-fall phase of the motion, before the 


bungee starts to stretch, is a= 10ms~°. 


In one particular jump, a bungee that is 30 metres long when unstretched 
is used. 


(a) Suppose that the person drops off the launch platform at time t = 0, 
and hence has initial velocity zero. Find the corresponding velocity 
function for the free-fall phase of the motion. 


(b) Obtain an expression for the corresponding position function. 


(c) Find the time at which the bungee starts to stretch, and the speed of 
the person at this time. 


Solutions are given on page 58. 


Activity 3.1 concerned a motion in which the acceleration is constant. We 
continue to consider such motions in the next subsection. 


3.2 Motion with constant acceleration 


Most of this subsection is concerned with a practical problem which is of 
importance to any driver of a vehicle, and for which an informative 
solution can be obtained using mathematical modelling. 


Firstly, however, we generalise the mathematics used in Activity 3.1, where 
you found the velocity and position functions of a particle representing a 
bungee jumper in free fall, starting from the acceleration due to gravity. 
This generalisation will then be put to use in setting up the model which 
follows. 


Suppose that a particle moves along a straight line, on which an s-axis 
(with a positive direction and an origin) has been chosen. Suppose also 
that the particle has an acceleration a (in ms~*) which remains constant 
throughout the motion. 


The motion of a bungee jumper while in free fall gives one example of such 
a motion, with a = 9.8ms~*. However, in what follows, the value of a need In Activity 3.1 this value was 


not necessarily be positive. If a is negative then, as long as the particle is = approximated by 
moving in the positive s-direction, it is decelerating. a=10ms™. 


The acceleration is the derivative of the velocity v (in ms~‘), so 
dv 
oe 


Integration gives 


a (constant). 


v= fadt=at+e, 


where c is an arbitrary constant. Now c is the value of v when t = 0, and 
in recognition of this, we write it as the constant vp, to obtain 


v =at+t vo. (3.1) 


The velocity is the derivative of the position s (in metres), so 


Integration gives 
s= | (at + v0) dt = sat” + uot + ¢, 


where c is an arbitrary constant. Here c is the value of s when ¢ = 0, and 
in recognition of this, we write it as the constant so, to obtain 


— sat = Uot + Say (32) 


The two equations (3.1) and (3.2) give expressions for the velocity and 
position of any particle moving in one dimension with constant 
acceleration. 


Note that in the special case when the object starts from the chosen origin 
with zero velocity, that is, when 59 = vp = 0, equations (3.1) and (3.2) 
reduce to 


v—at and Sim 2Gt". 


With a=g~9.8 ms °, these formulas describe the downward motion of a In this case, the direction of 


particle which falls under gravity alone, starting from rest at the origin. the s-axis is vertically 


downwards. 
We move next to the practical problem mentioned at the start of the 


subsection, for which the mathematical results just derived assist in 
obtaining a solution. 


In what follows, we apply 
once more the framework for 
mathematical modelling 
which was introduced in 
Chapter Al, Section 7. 


Since the car decelerates, 
while v is positive for the 
chosen direction of motion, 
the value of a is negative. 


The magnitude of a is 
determined by the braking 
force, so a larger value of |a| 
corresponds to ‘harder 
braking’. 


Due to artistic license, the 
particle continues to resemble 
a car! 


How far before you can stop? 


When driving a car, you need to be aware of the distance ahead within 
which you can come to a halt safely by braking. This raises the question of 
just what is the minimum stopping distance required for safety purposes. 
Mathematical modelling can be brought to bear on this question. ‘The 
results of any model should, of course, be treated cautiously, given the 
possible consequences of error. A safety margin can be added if such 
results are to be published or otherwise put into practice. 


In order to start modelling, we need to specify the purpose of the model. 
The purpose in this case is to obtain the minimum distance within which a 
car can be brought to a halt. However, this distance is clearly dependent 
on other features of the situation, such as the velocity of the car when the 
brakes are first applied and the magnitude of the deceleration produced by 
the brakes. Leaving the second of these on one side for the moment, we 
specify the purpose of the model as follows: 


© to obtain the minimum distance within which a car can be brought to 
a halt, in terms of its initial velocity (that is, the velocity when the 
brakes are first applied). 


In order to create a mathematical model to address this problem, we make 

the following simplifying assumptions. 

© While the car is braking, it can be represented by a particle that 
travels in a horizontal straight line. (Thus the road is flat and straight, 
and motion from one lane to another is not attempted.) 


© The acceleration of the car while braking (a deceleration) is constant. 


Under these assumptions, it is possible to apply equations (3.1) and (3.2) 
to this situation. We choose the s-axis to point in the direction in which 

the car is moving, with the origin at the point where the brakes are first 

applied. While braking occurs, the following quantities are relevant: 


© t, the time since the brakes were first applied, in seconds; 


© 8s, the position of the car at time ¢, in metres; 


© v, the velocity of the car at time t, in ms7'; 


© a, the constant acceleration of the car, in ms~?. 


When the brakes are first applied, we have t = 0, s = s) = 0 and v = U. 
We also denote the time taken to stop after the brakes are applied by 7’, 
and the corresponding distance travelled by S, so thatt=T ands=S 
when v = 0. All of the important quantities are included in Figure 3.5. 


constant acceleration a < 0, 
velocity v and position s 
at time t 


car stops 
here att =T 


braking starts 
here at t = 0 


Figure 3.5 Braking car 


The notation has been chosen to agree with that used in deriving 
equations (3.1) and (3.2), so these may now be stated: 


v =at+ v9, (3.1) 

s = at” + vot + Sp. (3.2) 
From the choice of origin for the s-axis, we have 

Sy =H. (3.3) 
At the instant when the car comes to a halt, we have 

v=0 and s=.5. whens = 7. (3.4) 


This completes the formulation of the mathematical model. The purpose 
of the model was stated to be 


to obtain the minimum distance within which a car can be brought to 
a halt, in terms of its initial velocity. 


First we find the stopping distance S' in terms of the initial velocity vp. On 
putting t = T into equations (3.1) and (3.2), and using equations (3.3) 
and (3.4), we obtain 


O=aT+u, S= sal’ + uf. 


We can now relate S to vg by eliminating the unknown time T’ between 
these two equations. The first equation gives 
VU 
Pens 
a 


so the second equation gives 


y 
sam (-8) +0(-2) 


2 2 2 
ee” oe 
2a a 2a 


We have reached the equation 
ve . 
= mee (3.5) Remember that a < 0. This 
2a explains the presence of the 
which relates the stopping distance S to the initial velocity vp as required, minus sign here and in the 
with the constant acceleration a@ appearing as a parameter in the equation. equation for T above. 


At this stage of the mathematical modelling cycle, we need to interpret the 
results. This can be carried out on both a qualitative and quantitative 
level. For example, one way of interpreting equation (3.5) qualitatively is 
to treat vp and S now as variables and to sketch the graph of S against vp 
for a fixed value of a, as shown in Figure 3.6. 


O Vo 


Figure 5.6 Graph of stopping distance against initial velocity 


Recall that the braking force 
determines the deceleration. 


30 ms! is 108 kilometres per 
hour, or about 67 miles per 
hour. 


It follows from equation (3.5) that the stopping distance increases as the 
square of the initial velocity. Thus the effect of doubling the initial velocity, 
for a given braking force, is to increase the stopping distance fourfold. 


It is also clear from equation (3.5) that, for a fixed initial velocity, the 
stopping distance is inversely proportional to the magnitude of the 
acceleration, so stopping distance is minimised by applying the greatest 
possible braking force. This prediction seems very reasonable! 


For a quantitative interpretation, we need to insert some numerical value 
for the acceleration a, and suitable data are available. Most cars with 
brakes in good condition can achieve a braking force corresponding to 

a= —8 ms’, though the minimum requirement for passing the annual 
UK vehicle test corresponds to only a= —5 ms~*. The UK Highway Code 
gives a table of stopping distances which are based on an acceleration of 


about a = —6.56 ms~?. 


Taking this last figure for illustrative purposes, we can evaluate the 
stopping distance S,, from equation (3.5), for any desired value of the 
initial velocity vg. For example, 

30° = 
eee See 


so the stopping distance for an initial velocity of 30 ms~ 
be about 69 metres. 


if vp = 30, then S$ = 69, 


' is predicted to 


Having interpreted the results, we reach the modelling stage of evaluating 
the outcome. It was pointed out at the start that the results of such a 
model should be interpreted with caution, and the need for this is 
emphasised by the variation in values which could be chosen for the 
acceleration a. The Highway Code value seems quite conservative when 
compared with the figure quoted for brakes in good condition, but in either 
case one might expect a significant reduction in braking performance in 
wet conditions. 


The Highway Code model for stopping distances includes an important 
element which we have not yet considered, and that is the reaction time of 
the driver. There is an appreciable time lag between the first realisation 
that braking is required and the actual application of the brakes, and an 
improved model for the stopping distance needs to take this into account. 
If the driver takes r seconds to react, then he/she travels a distance 

rUp metres before the brakes are applied. Adding this distance to the 
right-hand side of equation (3.5) gives the amended model 


vy? 


eS 
TVo a 


for the stopping distance. The Highway Code assumes a reaction time of 
about 0.7 seconds. For the initial velocity 30 ms~! considered before, the 
effect of including this reaction time is to increase the predicted overall 
stopping distance from 69 metres to 90 metres. 


That concludes our mathematical modelling for the problem of predicting 
safe stopping distances. However, there is one mathematical feature 
encountered above which is worth expanding on. In order to relate S to v9, 
we eliminated the time 7’ between two equations. This step can be 
generalised, and the outcome is particularly useful in cases where we wish 
to relate velocity and position without explicitly involving the time. You 
are invited to derive the general result in the next activity. 


A particle moving along the s-axis with constant acceleration a satisfies 
the two equations 


v =at+ v9, (3.1) 
s = Sat? + uot + So. (3.2) 


By eliminating the time t between these two equations, obtain a direct 
relationship between the position s and velocity v of the particle. Hence 
show that 


vu — 2as = v2 — 2asp. 


A solution is given on page 59. 


The result which you have just obtained states that the quantity 
es 


remains constant throughout the motion since, at any time, it is equal to 
its initial value vj — 2aso. This result ranks in importance alongside 
equations (3.1) and (3.2). 


Motion with constant acceleration 


The following formulas apply for the motion of a particle along a 
straight line with constant acceleration a, if at time t = 0 the particle 
has velocity vp and position So. 


© The velocity v of the particle is given by 
V= at+ Uo. 


The position s of the particle is given by 


s = Sat” + uot + 8. 


The velocity and position of the particle are related by the 
equation 


vu — 2as = ve — 2asp. 


A direct application of equation (3.6) would have shortened our working in 
setting up and solving the mathematical problem for car stopping 
distances. Since s) = 0, and s = S when v = 0, equation (3.6) gives 


= (3.5) 
ONCE: More. 


Equation (3.6) is particularly useful for models involving constant 
acceleration in which the main variables are position and velocity. If time 
appears explicitly in the problem, then one of equations (3.1) or (3.2) must 
be applied. These points are illustrated in the next example and activity. 


These equations are often 
expressed as 


oy 4 al, 

= . 
s=ut+ sat’, 
y* = u* + 2as, 


where vp = u and 89 = 0. 


At a speed of at most 5ms~ 
it is safe for the aircraft to 
taxi off the runway. 


1 


? 


The height of the Eiffel ‘Tower is 300 metres. Suppose that a stone is 


dropped from rest at the top of the tower and falls directly to the ground. 


Ignoring air resistance, the acceleration of the stone isa=g~10ms”. 


(a) Estimate the speed of the stone as it hits the ground. 
(b) How long does the stone take to reach the ground? 


Solution 


(a) Choose the s-axis to point vertically downwards, with the origin at the 
top of the tower, and assume that the stone is modelled by a particle 
that moves on this axis. At time t = 0 the stone is released from rest, 
that is, with zero velocity, at the origin; hence we have vp = 0 and 
Sy = 0. Equation (3.6) therefore gives 


v? —2x 10s =0 


for the motion of the dropping stone. The stone hits the ground at 
s = 300, at which point its speed (and velocity) is 


v=V2x10x 300 ~77 mst. 


(b) To find the value of ¢ when the stone hits the ground, we need to use 
either equation (3.1) or equation (3.2), and the first of these is the 
simpler to apply. For the value of v just calculated, we have 


v—vUo  v2x 10x 300-0 


a 10 


i = ~ 7.7 seconds. 


Activity 3.3 Braking again 


An aircraft touches down with a speed of 70ms7! at the start of a runway 


whose length is 550 metres. The pilot is required to reduce the speed of 
the aircraft to at most 5ms~‘, prior to reaching the end of the runway. 


(a) Calculate the minimum magnitude of the constant acceleration 
(deceleration) during braking which will achieve this requirement. 


(b) When braking with this deceleration, how long does it take the aircraft 
to travel the length of the runway? 


Solutions are given on page 59. 


Summary of Section 3 


This section has introduced: 


© the links (provided by calculus) between position, velocity and 
acceleration, for a particle in one-dimensional motion; 


© the following formulas which apply to the position s and velocity v of 
a particle moving along a straight line with constant acceleration a, 
when at time t = 0 the particle has position s) and velocity vp: 


ae oe 2 —. 
v=at+v; s=5at°+Uptt+ So; vo — 2as = vg — 2a58p. 


Exercises for Section 3 


Exercise 3.1 


A ball is projected vertically upwards with speed 25ms~*. Its subsequent 


motion is to be modelled by ignoring air resistance and taking the 


magnitude of the acceleration due to gravity to be g ~ 10ms7”. 


(a) What is the maximum height attained by the ball above its point of 
projection? (Choose the s-axis to point vertically upwards, with origin 
at the point of projection. Note that the acceleration will then be 
negative. ) 


(b) How long does the ball take to return to the point of projection? 


(c) At what times is the ball 20 metres above its point of projection? 


Exercise 3.2 


In a bungee jump, the initial period of free fall is followed by a phase of 
motion in which the jumper is pulled upwards by the stretched bungee. 
This question is about a model for this second phase of the motion, for a 
bungee whose unstretched length is 30 metres. 


As before, the falling person attached to the bungee is modelled by a 
particle moving on an s-axis whose positive direction is vertically 
downwards, and the origin for this axis corresponds to the launch platform 
for the person. However, the time is now measured from the moment at 
which the bungee starts to stretch, so that we have 


s=30) end v = 10V6 t=. 


One model of the situation after the bungee starts to stretch is given by 
the acceleration function 


a = —50sin(2t — 6) 


when 


(t > 0), 


where @ = arcsin(). (This value for the constant @ ensures that the 
expression for a equals g ~ 10ms-* when t = 0. The acceleration has this 
value, due to the effect of gravity alone, until the bungee starts to stretch.) 


(a) Use the Composite Rule to show that 


d | a 
ay (cost 2t — §)) = —2sin(2t — 6); 7 (sin(2t — #)) = 2cos(2t — 8). 


(b) Using the first result from part (a), show that the velocity function for 
the period when the bungee is stretched is 


v = Seeos(2t ~ G} —{t > 0}. 
(Here you will need to use the fact that 
6 = arcsin(+) = arccos(? V6), 
which follows from the triangle in Figure 3.7.) 


(c) Using the second result from part (a), show that the position function 
for the period when the bungee is stretched is 


s = 12.5sin(2t — 0)+32.5 (t>0). 
(d) What is the length of the bungee at full stretch? 


(ec) What is the largest magnitude of acceleration experienced by the 
jumper, and for what value of s does this occur? 


A model for the free-fall 
phase of a jump with such a 
bungee was considered in 
Activity 3.1. 


This value for the velocity v 
at the end of the free-fall 
phase was obtained in 
Activity 3.1. 


5 
a ; 
2/6 


Figure 3.7 A right-angled 
triangle 


In fact, the formulas for a, v 
and s hold only until 

i= ST + 6, after which the 
particle has ‘bounced back’ 
and the bungee becomes slack 
once again. 


Many paint manufacturers 
state on their cans what area 
can be covered by a given 
volume of the paint. 


By a region we mean a 
two-dimensional set with a 
boundary. In some courses, 
the word region has other 
meanings. 


You have seen, in Sections 1 and 2, that integration is the ‘undoing’ of 
differentiation. In this section we investigate another aspect of integration, 
which on the face of it looks very different from the first. This involves 
seeing integration as a process related to the summation of a number of 
terms, in the limit as that number tends to infinity. ‘The connection 
between this and our original view of integration is of importance both 
mathematically and from a practical point of view. 


This link is explained by considering how to find the areas under the 
graphs of functions. Subsection 4.1 shows how such areas can be found 
using integration, while Subsection 4.2, which is non-assessed, explains 
how these areas can be calculated as a limit of summations. 


4.1 Areas under graphs and the definite integral 


It is often necessary in a practical situation to estimate the extent of an 
area. For example, building regulations refer to the ground area to be 
occupied by a piece of land or a building, so the extent of such areas must 
be apparent from a building plan. When a surface is to be painted, the 
painter needs to know how much paint is required to do the job, and this 
depends on the area of the surface. 


Sometimes an area on a diagram is used to represent another type of 
physical quantity. For example, in Block D you will see cases where areas 
bounded above by the graph of a function represent the probabilities of 
certain events taking place. 


When a region is bounded by segments of straight lines, the calculation of 
its area is relatively simple. All such calculations depend ultimately on the 
formula for the area of a rectangle, which is bh for a rectangle with base b 
and height h. The area of a triangle can be seen to be half that of a 
rectangle with the same base and height. If the triangle has base b and 
height h, then its area is sbh. More general regions which are bounded by 
straight lines can be regarded as being made up of a number of triangular 
regions. 


It is harder to calculate areas when part or all of the boundary of the 
region is curved. An example is shown in Figure 4.1(a), where the region 
of interest is bounded by straight lines on three sides, but by the graph of 
a non-linear function f on the fourth. 


(b) 


Figure 4.1 Areas of regions with curved boundaries 


Another example, shown in Figure 4.1(b), is the area of a circle. No doubt 
you are aware that the area of a circle of radius r is 7r*, but where does 
this formula come from? You will see an answer to this question in 
Exercise 4.3. 


The approach in this subsection is as follows. Firstly you are asked to find 
the areas of a couple of regions which are made up of rectangles and 
triangles, but for each of which an application of integration can be shown 
to give the same answer. Building on these results, it is argued that 
integration provides a means of calculating areas of the type shown in 
Figure 4.1(a), for any continuous function f. Then we look at the 
application of this integration approach in a variety of cases where f is a 
non-linear function. 


(a) What is the area of the region under the graph of the function 
f(x) = 3 and above the z-axis, between the lines x = 0 and x = 5 (see 
Figure 4.2)? 


Figure 4.2 A rectangular area 


(b) Choose an integral F of the function f given in part (a), and evaluate 
F(5) — F(0). What do you notice? 


Solutions are given on page 59. 


(a) What is the area of the region under the graph of the function 
f(a) = 4x +3 and above the x-axis, between the lines x = —3 and 
x = 6 (see Figure 4.3)? 


Ph 0) 6 = 


Figure 4.3 A trapezoidal area 


The area described is that 
shown in Figure 4.1(a). 


In fact, if f(x) is a continuous 
function, then such an F(z) 
can always be found (though 
it may not be possible to 
express its rule as a simple 
formula). Recall, from the 
Summary of Block A in 
Chapter A3, that informally a 
continuous function is one 
whose graph can be drawn 
without lifting pen from 


paper. 


[F(x)]® is pronounced as 


‘F of x evaluated from a to b’. 


(b) Choose an integral F' of the function f given in part (a), and evaluate 
F(6) — F(—3). What do you notice? 


Solutions are given on page 59. 


On the basis of the results in these two activities, we can surmise that the 
following might be true. 


Hypothesis 


Suppose that f(x) is a continuous function that takes no negative 

values for a < x < 6 (so its graph never goes below the z-axis in the 

interval [a, b]). Then the area bounded by the graph of y = f(a), the 

v-axis, and the lines x = a and x = Bb, can be evaluated as follows. 

(a) Find an integral F(x) of f(z). 

(b) Calculate the difference in the values of the function F' between a 
and 0, that is, F'(b) — F(a). 


Note that so far this is just a hypothesis, which is based only on the two 
simple cases looked at in Activities 4.1 and 4.2. However, it turns out to 
be correct, and you will see more justification for this claim shortly. 


First some new notation and an important definition are introduced. The 
difference in the values of a function at two points in its domain, as in 
F'(b) — F(a) above, occurs sufficiently frequently in calculus to merit an 
abbreviated notation. We write 


F(b) — F(a) = [F(2)]2. 


a 


Evaluate each of the following expressions. 


(a) [52°]; (b) [cosao” 


Solutions are given on page 60. 


(Cc) Wey 


The hypothesis stated above, for the evaluation of areas, depends on two 
steps which are not in themselves obviously related to area. These steps 
are as follows, given any continuous function f(x) and any two values a 
and 6 such that the interval |a, 6] is in its domain. 

(a) Find an integral F(x) of f(z). 

(b) Calculate the difference [F'(x)]? = F'(b) — F(a). 


a 


The outcome of these two steps is known as the definite integral of the 
function f(x) from a to b. The value of such a definite integral is the same 
whichever integral of f(a) is chosen. This is so because if F(x) is one such 
integral, then any other is equal to F(x) + c for some constant c, and we 
have 


[F(x) +c]? = F(b) +e- F(a) —c = [F(a)]°. 


a 


Thus the value of a definite integral depends on the given function f and 
on the two numbers a and b, but not on the particular choice of an integral 


for f. 


SECTION 4 DEFINITE INTEGRALS, AREAS AND SUMMATIONS — 


Consequently, we can denote the definite integral by 


is ae 


In this expression, the numbers a and 0b are called the limits of 
integration with a being the lower limit and b the upper limit. 


Definite integral 


The definite integral of a continuous function f from a to BD, 
denoted by 


/ "f(a) de, 


is defined to be 
[F(z)\, = F(b) — F(a), 


a 


where F' is any integral of f. 


Variables other than x can be used in a definite integral without altering The definite integral may also 
its value, since that value is simply a number. ‘Thus we have be written without an explicit 


b b b variable of integration, as 
/ f(a) de = | f(t)at = | f(u)du=..., 


b 

[¢ 
since all of these expressions equal F'(b) — F(a). For this reason, the P 
variable in a definite integral is sometimes called a dummy variable. in which case F'(b) — F(a) is 

often written as [F]°. 

The variable in an indefinite 
integral is not a dummy 
variable, since it appears also 
in the resulting family of 
integrals. 


Example 4.1 Evaluating a definite integral 


Evaluate the definite integral 


T 
/ sin x dx. 
0 


Solution 
An integral of sinz is —cosx. Hence we have 
Tv 
/ sin xz dx = [—cosz]5 
0 


= — cos 7 — (—cos0) 
—(—1) —(-1) =2. 


Here are some similar problems for you to try. 


_ Activity 4.4 Evaluating definite integrals 


Evaluate each of the following definite integrals. 


(a) [ Pa (b) [eat (c) [ia 


Solutions are given on page 60. 


a1 


A function f for which 
f(«) =] 0 for all & in an 
interval |a, b| is said to be 
non-negative on |{a, bj. 


In practice, it is often 
convenient to abbreviate this 
phrase to the area under the 


graph of y = f(a) from a to b. 


See Chapter Cl, 
Subsection 1.3. 


Our earlier hypothesis about areas under graphs can now be restated in 
terms of the definite integral. 


Finding the area under a graph 


If f(z) is a continuous function that takes no negative values for 

a <a <b, then the area of the region bounded by the graph of 

y = f(x), the x-axis, and the lines x = a and x = 5, is equal to the 
definite integral 


[ fix yee. 


The area described above is referred to as the area under the graph of 
y= jie) frome a = a to x = b- 


It was claimed earlier that this statement is correct; an explanation follows 
of why this is so. 


Suppose that f is a continuous function that is non-negative on the 
interval [a,b]. Then, for each value of x in the interval, let A(x) denote the 
area under the graph of y = f(x) from a to x, as shown in Figure 4.4 
below. This may be called the area-so-far function, where the ‘so far’ is 
measured from the starting value a. Thus we have A(a) = 0, while A(b) 
denotes the area under the graph of y = f(x) from a to b. 


x ath 


Figure 4.4 Area so far 


On this diagram we have also drawn the vertical line through x + h, where 
h is a small positive number. Now consider the region under the graph of 
y = f(x) from x to x +h. On the one hand, the area of this region must 
equal 

A(z +h) — A(2), 


from the definition of the area-so-far function. On the other hand, this 
region is a strip of width h, and its area is close to that of a rectangle of 
width h and height f(a), so we can write 


A(a+h)— A(x) ~ hf(a). | (4.1) 


Even though (4.1) is not an exact equation, it can be shown that if we 
divide through by h and take the limit as h — 0, then 

_ {Ala+h) — Ala) 

in (EA) <p 


The expression on the left-hand side is the derivative of A(x), so 


A'(r) = f(a). 


Thus the area-so-far function A(x) satisfies the conditions This argument also 


demonstrates (informally) 


A(z) = f(x), Ala) =0. that an integral of the 


Now if F(x) is any integral of f(a), then the definition of definite integral continuous function f exists, 


states that since A is such an integral. It 
b is not hard to extend this 
/ f(x) dx = F(b) — F(a). conclusion to the case where 
a f may take negative values. 


Since A(x) is one such integral, it follows that 


[ f@) 4x = A) - Ae) 


= A(b) (since A(a) = 0). 


This concludes the argument that the hypothesis stated above is valid. We 
now put this result to use. 


Find the area under the graph of y = sinz from x = 0 to x = 7 (see 
Figure 4.5). 


Figure 4.5 Area under the graph 


Solution 


The area is equal to the definite integral 


Tv 
/ ser ag, 
0 


whose value was found in Example 4.1 to be 2. 


Comment 


As a check, note that this region is enclosed within a rectangle of base 7 
and height 1, which has area 7, and encloses a triangle of base 7 and 
height 1, which has area oT. Thus the area of the region lies between ST 
and 7, and the calculated answer 2 has this property. 


CHAPTER C2 INTEGRATION AND MODELLING Se 


The Product Rule was 
introduced in Chapter Cl, 
Subsection 4.1. 


In fact, the definite integral in 
this case is the negative of the 
area between the graph of 
sinx and the x-axis from 
eT ies = 27. 


(a) Find the area under the graph of y = 2” from x = —1 to x = 1 (see 
Figure 4.6(a)). 

(b) Find the area under the graph of y = e~* from t = 0 to t = (see 
Figure 4.6(b)), giving your answer to three decimal places. 


(c) (i) Use the Product Rule to show that the derivative of u(Inu — 1) 
is Inu. 


(ii) Hence find the area under the graph of y = Inu from u = 1 to 
u = 2 (see Figure 4.6(c)), giving your answer to three decimal places. 


Figure 4.6 Three areas under graphs 


Solutions are given on page 60. 


Note that definite integrals do not always represent areas. As was said 
above, if f(x) is a continuous function, for which an integral can be found, 
and if f(x) > 0 for all x in the interval |a, b], then the definite integral 


/ “fle)de 


does give the value of the area under the graph of y = f(x) from x =a 
to x = b. However, if we have f(x) < 0 for some z in [a,b], then the 
definite integral above does not represent an area. 


For example, you saw in Example 4.2 that the area under the graph of 
y= snr ims = 0102 =7 


/ ain sax 72. 
0 


On the other hand, we also have 


27 
/ sin x dx = |—cos2]?" 
TT 


— cos(27) — (— cos 7) 
= -1-(-(-1)) =-2 
This cannot be the value of an area, since it is negative. A look at the 


graph of sinx shows what has happened (see Figure 4.7). This graph is 
below the x-axis in the interval (7,27), so sinx < 0 in this interval. 


Figure 4.7 Graph of y = sing 


Even when the value of the definite integral is positive, it may not 
correspond to an area. For example, we obtain 


a 32/2 
/ sin x dx = [—cos2]p 
0 


= —cos($m) — (— cos 0) 
=0-(-1l)=1 


but, as Figure 4.7 shows, sinx takes negative as well as positive values on 
the interval [0, $a]. 


In fact, the definite integral here is equal to A; — A», where A, is the area 
below the graph of sing from x = 0 to x = a (where sinz > 0) and Ag is 
the area above the graph of sinz from x = 7 to x = $n (where sinx < 0). 
A similar interpretation of the definite integral in terms of areas above and 
below the x-axis holds also in other cases. 


Which of the following definite integrals 


/ "f(a) da 


represents the area under the graph of y = f(x) from « =a to x = b? 


(a) fi eile (b) [ a* dx (c) ae cos x dx 


i 
Solutions are given on page 60. 


Finding areas is just one of the many applications of the definite integral. 
Another is the calculation of change of position, given a velocity function. 
If a particle moving along a straight line has velocity v(t) at time t, for 
a<t<b, then the total change of position of the particle between times a 
and 0 is given by 


[ e@ at = [sh = 3) - s(0, 


where s(t) is the position function of the particle. This equation is valid 
without restriction on the sign of u(t), since s(t) has been assigned a 
meaning whether v(t) is positive, negative or zero. 


This subsection will not be 
assessed. 


Since the cross-section across 
the width is uniform, the 
volume is the length times the 
cross-sectional area. 


4.2 Definite integral as a limit of summations 


The definite integral method for finding areas under a graph, described in 
the last subsection, has a potential drawback. It depends on being able to 
identify an integral F(x) of the original function f(z) under whose graph 
the area is to be found, but sometimes there is no simple formula which 
can be found for such an integral. The area must then be sought by 
alternative means. 


In this subsection we investigate an alternative approach to finding the 
area under a graph. This turns out to have an extra pay-off, in that it 
leads to an illuminating second view of what the definite integral is. 


Designing a sports hall 


Imagine that you are an architect who has been commissioned to design a 
large sports hall. The brief that you were given has led you to specify a 
rectangular base for the hall, of length 80m and width 40m, with a roof 
which has a uniform cross-section across the width and a central height of 
15m. You decide that this cross-section of the roof should have a pleasing 
sweep like that shown in Figure 4.8. You choose the function 


f(x) = 15,/sin (=) 


to describe the height of this cross-section, since this gives a nearly vertical 
wall close to floor level. 


20 40 


Figure 4.8 Cross-section of sports hall 


One of the pieces of information which you are asked to provide is the 
overall volume of the hall, so that the power supply required to heat the 
air inside can be determined. This volume is 804A m?, where Am? is the 
cross-sectional area shown above. 


You therefore need to calculate A. It can be expressed in terms of a 
definite integral as 


40 
Ae / 15,/sin (=) ax, 
0 AO 


but there is no simple formula known for an integral of the function 


f(x} =15;/sm (=). 
4 
You are therefore forced to consider an alternative approach. Your first 
thought might be to obtain very rough upper and lower estimates of the 
area Am? of the shaded region. It is enclosed within a rectangle of 
base 40m and height 15m, so A < 600. It encloses a triangle of the same 
base and height, so A > 300. 


One approach to obtaining a closer estimate for A is to approximate the 
region under the graph by a collection of rectangles, with the estimate 
being the sum of their areas. A step in this direction is illustrated in 
Figure 4.9. 


10 20 30 40 


Figure 4.9 Estimating the area with rectangles 


The interval [0,40] has been divided into four equal subintervals, and on 
each a rectangle has been constructed so that its top left corner meets the 
graph of f(x) (the leftmost ‘rectangle’ therefore has height zero). The area 
A is estimated by the sum of the areas of these rectangles, which is 


10 x f(0) +10 x ( (10) +10 x f(20) +10 x . (30) If you wish to check this 


calculation, make sure that 
= {01 b= sin ( 45 415 sin ( your calculator is in radian 
a) (=F) mode. 


~ 150(0.840 896 + 1 + 0.840 896) ~ 402.27. Note that this and the further 

. ee timates bel ll lie withi 
An improvement to this estimate for A can be found by dividing up the ss aces ; Siar = 
interval [0,40] into a larger number of subintervals, since the rectangles ae en 
then approximate more closely the region beneath the graph. With 20 the rough lower and upper 
subintervals of width 2, for example, the same construction produces the ee ee 


collection of rectangles shown in Figure 4.10. 


Figure 4.10 Estimating the area using 20 subintervals 


The sum of the areas of these tga is You are not expected to 
check by hand this and the 


2x f(0 Es 2x ¢ 18 2x f(4 a Fe (38) similar calculations below. 
The answers were obtained 

=2x 15 sin ( sin ( sin ( a) using a computer. 

ot A711. 


This is the estimate for A based on 20 subintervals. Further improvements 
can be found by increasing successively the number of subintervals into 
which the interval [0,40] is divided. Table 4.1 below shows results obtained 
in this way. 
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Table 4.1 
Number of Sum of areas 
subintervals of rectangles 
4 402.27 
20 452.71 
50 456.41 
100 ts wal 
500 457.62 
1 000 457.64 
5 000 457.66 
10 000 457.66 
The numbers in the The convergence of the values in the right-hand column suggests that we 
right-hand column form a have 


sequence that converges in - 
the sense defined in Av: / 15,/sin (=) dr = 457.66 
Chapter B1, Subsection 5.1. 0 40 


to two decimal places. Thus the volume of the hall is 
80.A = 36613 m®. 


It would usually suffice to quote this answer to three significant figures, 
as 36600 m?. 


Generalising the approach 


The calculation of the area A above was achieved without first finding an 
integral of the given function f whose graph specifies the region of interest. 
It is possible to generalise this result, and hence to formulate a method of 
definite integration which relies on computer power rather than on finding 
a formula for the integral of a function. 


Suppose that f is any function which is continuous and non-negative on 
the interval [a,b]. We seek the area under the graph of y = f(x) from 

x =ato x =b, which is the area of the shaded region in Figure 4.11, and 
is equal to the definite integral 


[ ‘cietmes 


a b E 


Figure 4.11 Area under the graph 


The interval [a,b] is divided into N equal subintervals of width 
b-—a 
No 
where N is any positive integer. These N subintervals are 


hese 


la,a +h], la+h,a+t 2h], [a+ 2h,a+4 3Al],..., 
with the Nth and final subinterval being 
la + (N —1)h,a+ NA] = [b— A,B). 
Thus the (i + 1)th subinterval is 
lat+th,a+(é¢4+1)A] G@=0,1,2,...,N—1). 


On each subinterval, we construct a rectangle whose top left corner lies on 
the graph of y = f(x), as indicated in Figure 4.12. 


N equal subintervals of width h 


Figure 4.12 Approximating the area with rectangles 


For the (i + 1)th subinterval, the height of the corresponding rectangle is 
f(a+ih), and its area is 


hf(atih) (i=0,1,2,...,N—1). 


The sum of the areas of the N rectangles so constructed is 


cs hf(a+ih), where h= 


= 


= @ 


=~ (4.1) 


For each positive integer NV, the sum (4.1) gives an approximate estimate 
of the area 


fi jenvds: 


Arguing as in the specific case of the sports hall roof considered earlier, the 
approximation (4.1) becomes closer and closer to the actual value of the 
area as N increases. Another way of expressing this convergence in the 
values of the sums is to say that the definite integral is equal to the limit 
of these values as N tends to infinity, which is written as 

Net 


[ f@ a Jim, bs hf (a+ th) 


Note that we have h — 0 as N — oo. As N increases, the sum in the 
square brackets consists of more and more terms, but each individual term 
makes a smaller and smaller contribution to the whole. 


=— 


= (4.2) 


, where h = 


It also provides a more precise 
description of what is meant 
by ‘area under a graph’. 


See Chapter C1, 
Subsection 3.3. 


You may also see Ax rather 
than 0x in such expressions. 
Here A and 0 are the upper- 
and lower-case versions, 
respectively, of the Greek 
letter delta. 
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We have deduced equation (4.2) with reference to finding the area under a 
curve, for which the associated function f was taken to be non-negative on 
the interval [a,b]. However, it turns out that equation (4.2) applies to any 
continuous function f, without restriction on the sign of the values which 
f(x) takes. This result therefore provides a means of finding the numerical 
value of any definite integral. 


While we have argued that equation (4.2) is a plausible result, we have not 
proved its validity, and such a proof is beyond the scope of this course. 
However, the result is of great importance and usefulness. It carries the 
name of the Fundamental Theorem of Calculus. Indeed, many texts take 
equation (4.2) as the definition of the definite integral. This brings the 
concept of integration into line with its everyday meaning of ‘combining 
parts into a whole’. 


Fundamental Theorem of Calculus 


If f is a function which is continuous on the interval |a, b], then 


4 
a 


[ flyer = Jim, bs hf(a+ith)|, where h= ma : (4.2) 


+=0 


It is possible at this point to provide some explanation of where the 


dst 


notation for integrals comes from. Suppose that we replace the subinterval 
length h by dx (‘a small increase in x’), as we did in explaining the Leibniz 
notation for derivatives. If we also write 


2, = 6 an see, 2. ee, 


then equation (4.2) becomes 


b N=1 
/ fixjea— Jim. bs je) , where Noa = b— a. 


The elongated S of the integral sign denotes a ‘limiting sum’, and the dz at 
the end of the integral is a ‘residue’ of the dx which appears in each sum 
on the right-hand side. 


Other versions of the summation process described in deriving 

equation (4.2) lead to a similar outcome. We chose to construct the 
rectangle on each subinterval so that its height was equal to the function 
value at the left-hand end of the subinterval. It suffices in fact for the 
height of this rectangle to equal the function value at any point within the 
subinterval concerned. For example, this point could be taken at the 
right-hand end of each subinterval, or at its centre. The limit of the sums 
so created still gives the value of the definite integral. 


There have been no activities for you to carry out in this subsection. ‘This 
is because the results introduced here require the use of a computer for 
their implementation in practical cases. If you wish, you can see how this 
is achieved in the next section. 


A computer cannot in fact ‘take a limit’ to evaluate the right-hand side of 
equation (4.2) in specific cases. However, in practice all that is required is 
that the sum (4.1) should give the same value, to a specified accuracy, for 
two large but widely separated values of N (say for one value twice as 
large as the other). You saw this strategy demonstrated in ‘Table 4.1 on 
page 48 and in the conclusion drawn from it. 


SECTION 4 DEFINITE INTEGRALS, AREAS AND SUMMATIONS 


Summary of Section 4 


This section has introduced: 


© the definite integral of a continuous function f from a to b, 


[ $0) ax = (ays = FO) — F(a) 


where F' is any integral of f; 


© the fact that if f is a continuous function which takes no negative 
values for a < x < b, then the area of the region bounded by the graph 
of y = f(x), the z-axis, and the lines x = a and z = 8, is equal to the 
definite integral 


/ Ton 


© the Fundamental Theorem of Calculus. 


Exercises for Section 4 


Exercise 4.1 


Evaluate each of the following definite integrals. 


n/4 2 
(a) | (cos(5a) + 2sin(52)) dx (b) / Sah 


elle 


(c) / e‘sintdt, given that Se’(sint — cost) is an integral of e’ sint. 


Exercise 4.2 

(a) Find the area under the graph of y = 2x? from x = 1 to x = 2. 

(b) Show that «(3 — 2) > 0 when 0 < x < 3. Hence find the area which is 
bounded by the graph of y = x(3 — x) and by the z-axis. 

(c) Using the fact that arctan x is an integral of 1/(1 + x7), find the area 
under the graph of y = 1/(1+ 27) from x = —2 tox = 2. 


Exercise 4.3 


This exercise asks you to derive the standard formula for the area enclosed 
within a circle of radius R. Suppose that A(r) denotes the area within a 
circle with radius r < R. 


(a) What is the value of A(0)? 


(b) Write down an expression, in terms of the function A, for the area of 
the annulus shown shaded in Figure 4.13, which has inner radius r and 
outer radius r + h. 


Write down another (approximate) expression for the area of this 
annulus, noting that it has width h and inner circumference 27r (the 
latter follows from the definition of 7 as the ratio of circumference to 
diameter for any circle). 


(c) 


Write down the approximate relationship between the two expressions 
found in parts (b) and (c). By dividing this relationship through by h 
and then taking the limit as h — 0, show that A’(r) = 2rr. 


By integrating both sides of the equation A’(r) = 27r and then using 
the result of part (a), deduce that A(R) = 7R?. 


You will be expected to find 
definite integrals ‘by hand’ 
for any case where the 
function to be integrated 
appears in Table 1.1 on 
page 15, or is a constant 
multiple or sum of such 
functions. 


The argument required here 
is similar to that using the 
area-so-far function in 
Subsection 4.1. 


Figure 4.13 Annulus 
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To study this section, you will need access to your computer, together with 
Computer Book C. 


In Sections 1 and 2 you saw how to find the indefinite integrals of a wide 
range of functions. Section 4 showed how a definite integral can be 
evaluated once the corresponding indefinite integral has been found. 


Both indefinite and definite integrals can in principle be found using a 
computer algebra system. As with differentiation, you are expected to be 
able to find the integrals of simpler functions ‘by hand’, using the table, 
rules and methods in this text. It should only be for more complicated 
cases that the computer needs to be used, and in such cases it provides a 
powerful tool. 


Refer to Computer Book C for the work in this section. 


In your work during this section you should have gained confidence in 
using your computer for integration, while noting certain respects in which 
care must be taken with the results. 


The skill involved in using the computer for more complicated integrals is 
largely confined to typing in correctly the algebraic expressions to be 
integrated, though it is useful to remember that each answer can be 
checked by applying the derivative operator to the outcome of an integral, 
to see whether this produces the original function. 


Apart from undertaking such checks, you are taking on trust that the 
computer algebra system ‘knows what it is doing’. This raises two 
important questions. 


© How are the answers obtained? 


© How can we be sure (other than by constant checking, and that may 
involve another computer operation) that the answers are always 
correct? 


These questions are beyond the scope of MST121, but you can expect to 
see them considered if you take your mathematical studies further. This 
will entail, among other things, an extension to your ability to integrate 
‘by hand’. 


Summary of Section 5 


This section has used the computer to find a variety of indefinite and 
definite integrals. 


In this chapter you saw integration defined as the reverse process of 
differentiation, and undertook much practice in finding indefinite integrals 
for various functions. You also saw how integration can be applied to find 
areas under the graphs of functions, using definite integrals. 


Learning outcomes 


You have been working towards the following learning outcomes. 


Terms to know and use 


Integration, an integral, the indefinite integral, arbitrary constant, 
constant of integration, integral sign, integrand, double-angle formulas, 
kinematics, position, distance, velocity, speed, acceleration, SI units, 
area under a graph, definite integral, limits of integration, 
upper/lower limit, non-negative function, dummy variable, 

area-so-far function. 


Symbols and notation to know and use 
© / f(x)dzx (indefinite integral): 


© |F(x)|® (function evaluated from a to b); 


b b 
© [ §@ dx or | f (definite integral). 


Mathematical skills 


© Integrate ‘by hand’ any function of a type shown in Table 1.1 on 
page 15. Also, integrate any constant multiple, a sum or difference, 
and a sum of constant multiples of those same functions. This applies 
to finding both indefinite and definite integrals. 


© Integrate by inspection, where appropriate. 


© Evaluate a definite integral, where an integral is known or can be 
found. 


© Use integration to find an area under the graph of a function. 


Mathcad skills 


© Type expressions to be integrated (or otherwise manipulated) directly 
into Mathcad, without the use of a prepared file. 


© Apply Mathcad to integrate an expression symbolically. 


© Remember that what Mathcad outputs as an ‘indefinite integral’ is an 
integral without an arbitrary constant. 


© Apply Mathcad to find a definite integral symbolically. 
© Apply Mathcad to find a definite integral numerically. 


Modelling skills 


© Use the model of constant acceleration for a particle in 
one-dimensional motion, where appropriate. 
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Ideas to be aware of 


© 


© 


That the indefinite integral is a family of functions, an integral is a 
single function and a definite integral is a number. 


That integration is both an ‘undoing’ of differentiation and a limit of a 
sequence of sums, with these two interpretations being linked by the 
Fundamental Theorem of Calculus. 


That definite integrals represent areas under graphs where the 
integrand is non-negative. 


That for one-dimensional motion of a particle with constant 
acceleration, the position and velocity of the particle can be related 
directly to each other. 


Appen dix: Double-an gl e for mulas 


This appendix shows that The material in this appendix 
ill not b d. 
sin(20) = 2sin@cos6@, cos(20) = sot hint Ge (A.1) will not be assesse 


It can be established that both sides of both equations are functions with 
period 7, so it suffices to show that the results hold for 0 < 6 < 7. We do 


this in three stages for the first equation: (i) for @= 0 and 6 = $n, (ii) for 
0<6< $n, (iii) for 7 <0 <7. 
(i) By direct evaluation, the first formula holds for @ = 0 and @ = 4n. 


(ii) Suppose next that 0 < @< oT. Then right-angled triangles ABD, 
AC'D can be drawn as shown in Figure A.1, with 
L BAD =e = Ap =AC = 1,8D—= DC = siné and 
AD =cos@. The area of AABC is 


© 5x ABx AC x sin(ZBAC) = jsin(26), using ‘Sbesin A’; 
© ix BC x AD =sin6@cos@, using “s base x height’. 
It follows from the equality of these expressions that 


sin(20) = 2sinOcos@, for 0 <@< $7. (A.2) 


Figure A.J ‘Triangles 


(iii) Suppose now that 5a < 0 <7. Then the angle ¢ = 7 — @ lies in the 
range0<@g< ST, so satisfying equation (A.2); that is, 
sin(2d) = 2sindcos¢@. 
Hence, using standard trigonometric identities, we have 
sin(26) = sin(27 — 20) 
= sin(—2¢) 
— sin(2¢@) 
= —2sing@cos¢d 
= 2sin(a — ¢) cos(m — ¢) 
1 


=2sin@cos@, for 57<@< nT. 


Thus we have established the first of equations (A.1) for all values of 0. 


The second of equations (A.1) could be shown in a similar way, using the 
Cosine Rule for 0 < @ < $7. However, it is also obtained by differentiating 
the first equation! The Product Rule is needed to differentiate the 
right-hand side of this equation. 


OD 


Solution 1.1 


In each case, the result of differentiating the given 
position function is 


Solution 1.2 


In each solution, c is an arbitrary constant. 


1 
(a) / (- +e) dz =Ina + 4e°* +c 


(b) [ (sve+ 3) dx = f (a0? + 82-¥/?) dx 


= 3(22°/*) + 8(22'/?) + ¢ 


= 2e3/? + 16a1/? + € 
(c) [oc sin(wt) + bcos(wt)) dt 
a (wt) + ai t)+e 
= —— cos(w — sin(w 
W W 


(d) iC je = 4e~** ) dx 


wb 


es 5 78/3 4. 10471/2 — Je ie 


Solution 1.3 


In each solution, c is an arbitrary constant. 


(a) fre +e *)dx = 5(e” -—e *)+e 


Nole 


(b) fre —e*)da = 5(e7 +e") +c 


Solution 2.1 


In each solution, c is an arbitrary constant. 


(a) [terran = [(e +2041) dx 


L 
eer tx P +c 
ar 
—_ . 


(22 php 2a—1/?) 4 4(—4 + ee 


/ Wx (102? — =] dx 
& 
as [2200 —a@ “\dr 
= [oer — ¢— 5/3) de 


= 10/4219) — (—3277/%) +¢ 
= 3710/3 + 3q7 2/9 + £ 


Solution 2.2 


In each solution, c is an arbitrary constant. 


(a) Kotte i= | fae de 
fot dx 


os see +e 


ie cert! 1+¢ 


(b) [e +e ae 


= / (2 —9e 7 pet = eltg #/”) dx 


= | Ge eee iT) da 
= | (1-2 427) dx 


= 7 4+de */? 1 967/27 +6 


Solution 2.3 


(a) From the third version of the double-angle 
formula for cos(26), with 6 = x, we have 


cos(2z) = 1 — 2sin? z, 
which can be rearranged to give 
sin” x = $(1 —cos(2z)). 


Hence the required indefinite integral is 


[scar = [3 — 


= $x — Fsin(2zr) +¢, 


os(2x)) dx 


Nle 


where c is an arbitrary constant. 


(This answer can also be expressed as 


i lg: 
at — = Seren | 


(b) From the double-angle formula for sin(2@), with 
9 = x, we have 


sin? x cos’ x = (sinzcos x)” = § sin*(2z). 


The double-angle formula for cos(26), with 
? = 2x, can be written as 


cos(4r) = 1 — 2sin?(2z), 
which gives 

sin“ (2x) = $(1 — cos(4z)). 
Thus we have 


sin’ © cos” x = +sin*(2xr) = (1 — cos(4z)). 


Hence the required indefinite integral is (b) 
[sw x cos’ x dx = [@ — 4 cos(4x)) dx 
= $n — = sin(4z) +¢, 


where c is an arbitrary constant. 


Solution 2.4 


(a) Noting that y = tanz = sinz/(cos2z), and 
applying the Quotient Rule, we have 


i cos a x) — sin a ) 
dx dx 


dz  cos*x 
= sec” x(cos x(cos x) — sin x(— sin x)) 


= sec? x(cos” x + sin? x) = sec? x. 


SOLUTIONS TO ACTIVITIES — 


(iii) We need to differentiate y = Inu, where 
u=2x*+1. Applying the Composite Rule, we 
have 


dy _ dy du 
dx dudz 
d jos 
7, nwa (a +1) 
ee cS 22 
ie rer h 


(i) From part (a)(i), we obtain 
[ee +1)*dr = 4(a* +1) +e, 
where c is an arbitrary constant. 
(ii) Similarly, from part (a)(ii), we find that 
3 


[ sv? ccosedz = sin? rte, 


where c is an arbitrary constant. 


(iii) From part (a)(iii), we obtain 


| r= fe +1) +e 


where c is an arbitrary constant. 


(b) It follows from part (a) that Solution 2.6 


| : (a) 
sec’ xdx = tanx+c, 


where c is an arbitrary constant. 


(c) It follows from equation (2.2) that 


2 


tan’ x = sec? x — 1. 


Using also the result of part (b), we therefore 
have 


[ tox? cae = [ (sec? —1)dz 
= ae 2 FS, 


where c is an arbitrary constant. (b) 


Solution 2.5 


(a) (i) We need to differentiate y = u®, where 
u=2x*+1. Applying the Composite Rule, we 


have 
dy dy du 
dx dudz 
d 5, A 3 
sigh > 1 
7, be ae + 1) 
= 00° X3e* a foe fo” + 1)*. 
(ii) We need to differentiate y = u°, where (c) 
u=sinz. Applying the Composite Rule, we 
have 
dy  dydu 
dx dudzx 
d d 
= 5, Ga (sin 2) 


= 3u* cosz = 3sin? xcoszZ. 


In the integrand x7(8 — x*)°, the factor x? is, 
except for a constant multiple, the derivative of 
8 — x°. Hence we can apply equation (2.3) with 
f(x) =8—-2° and n=5. Since f’(x) = —32’, 
we write z? = —}(—3x) before applying the 
formula. Thus we have 


ata ge ey +e 
ra —=5(8 —x°)° + €, 


where c is an arbitrary constant. 


The integrand is x7/(x° — 8). Here the 
numerator x? is, except for a constant multiple, 
the derivative of the denominator x? — 8. So we 
can apply equation (2.4) with f(x) = 2° — 8. 
Since f’(x) = 3x7, we write the numerator as 
= 5 (3x? ) before applying the formula. Thus 
we have 


2 2 
2 ae 
= a = ee = He 
| r3 —8 . | x3 — 8 
= $In(x’ —8)+¢, 
where c is an arbitrary constant. 
The integrand is tanxz = sina/(cosx). Here the 
numerator sin x is, except for a constant 
multiple, the derivative of the denominator 


cos x, SO we can apply equation (2.4) with 
Jit) = cos 2. 


Since f’(x) = —sinz, we write the numerator as x? = (3a) before applying the formula. Thus 


sinz = —(—sinz) before applying the formula. we have 
Thus we have / = ies / 2 2 , 
[rmeae=- [Par x? —1/2 os ge =] “ 
COs x = Lin(x’ Sees 


= —In(cosx) +¢, 
where c is an arbitrary constant. 
where c is an arbitrary constant. 


(d) The integrand (2x +5)’ is of the form (f(2))’, Solution 3.1 
where f’(a) = 2 is a constant. Hence we can (a) We have 
apply equation (2.3) with f(x) = 2x +5 and 
n = 7, after adjusting for the factor f’(x) = 2. dv =a=10 (t>0) and v=0 whent=0. 


dt 
Hence integration gives 


Thus we have 


ex 5) dr = fer +5)"2) dx 
v= | wdt=108-+e 


= 4x }(2r+5)* +c 
= <5 (2a a. 5) —— where c is an arbitrary constant. Putting v = 0 
and t = 0 into this equation, we find that 
where c is an arbitrary constant. 0=10x0+c, soc=0. Hence we have the 
Solution 2.7 velocity function 


(a) (i) From equation (2.1) we obtain the v=10t (t>0). 


trigonometric identity sin? 2 = 1 — cos? x, so that (b) On integrating 
Cee aie > : ds 
sin” + = sil sane GEES DY, 
= (1 — cos? x) sinz dt 
= sinx — cos’ xsinz, we obtain 


as required. =e 10(5¢°) +e=5t* +e, 


where c is an arbitrary constant. However, due 


(ii) Hence 
to the stated choice of origin, we have s = 0 
[six? 2a = [tine - cos” x sin x) dz when t = 0, so that 0= 5 x 0+ c; that is, c= 0. 
We conclude that the position function is 
= fsincax— [ cos? xsin ede s=5t? (t>0). 
ae (c) The bungee is 30 metres long when unstretched, 
= —cosx— | cos* xsinzdz. 
so it starts to stretch when 
The remaining integral can be found by applying s = 5t* = 30, that is, t? = 6. 


equation (2.3) with f(x) =cosxz and n = 2 
(recalling that cos? x = (cosx)*). Since 

f'(x) = —sinz, we write sinz = —(—sinz) 
before applying the formula. Thus we have 


The solution t = — V6 can be rejected as 
unrealistic within the model, which leaves the 
solution t = 6. Hence the bungee starts to 
stretch after /6 ~ 2.45 seconds. 


= : a : 
= / cos’ zsina dx = / cos” x(— sin x) da At this time, the corresponding velocity is 
obtained from the result of part (a). When 
t = V6, we have 


v = 10t = 10V6 ~ 24.5. 


= 4cos’ x +¢, 


where c is an arbitrary constant. It follows that 


. 3 
; an 2d = —cose + 5 cos’ z + ¢. Hence the speed of the person reaches 24.5ms7' 
at the moment when the bungee starts to 
(b) Carrying out the specified multiplications by 2, otreiely 
we have 


2 

x x 
dr = | ——~— dz. 
| nen [= 2 


On the right-hand side, the numerator «x? of the 
integrand is, except for a constant multiple, the 
derivative of the denominator x* — 1, so we can 
apply equation (2.4) with f(x) = 2° — 1. Since 
f'(x) = 3x7, we write the numerator as 


Solution 3.2 
The two given equations are 


U = Gh + Ua; 


a Sat? + Vot + So. 


On solving the first equation for t, we have 
U—v 
Ss 

a 


Using this to substitute for t in the second equation 
gives 


2 
S= 5a ee 
a 


After multiplying both sides by 2a, we obtain 


2as = (v — v9)” + 2uo(v — v9) + 2aso 
= u* we + 2asp, 
which may also be written as 


vu” — 2as = vg — 2asy. 


Solution 3.3 


(a) Assume that the aircraft (modelled as a particle) 
moves in a straight line. Equation (3.6) is 


v* — 2as = v6 — 2aso. 


Choosing the s-axis to point in the direction of 
motion of the aircraft, with the origin at its 
point of touch-down, we have so = 0 and 

vo = 70, giving 


v? — 2as = 707. 


For the minimum deceleration, we need v = 5 
when s = 550. On putting these values into the 
equation above and solving for a, we obtain 


5? — 70? —4875 _ mes 
2x 550 _119@- ae 


The minimum required magnitude of 
acceleration (deceleration) is therefore 
4.43ms". 


a= Prt AS. 


(b) The corresponding time of travel along the 
runway can be obtained from equation (3.1). 
Taking t = 0 at the moment of touch-down, we 


have 
= 
a 
44(5—70) 44 
SS ee Gn s. 
105 5 7 (in s) 


Hence the aircraft takes 14.7s to travel the 
length of the runway. 


Solution 4.1 
(a) 


(b) 


The area required is that of a rectangle, with 
base 5 and height 3, so its area is 3 xX 5 = 15. 


Since f(x) = 3 is a constant function, an integral 
is 


Fie) = oa: 


(Any choice of the form F(x) = 3x +, where c 
is a constant, is correct here, but F(x) = 3z is 
the simplest choice.) Then we have 


Ba £0). = 15-0= 15, 


which is the same value as the value for the area 
calculated in part (a). 


Solution 4.2 


(a) 


The area required is that of a trapezium, which 
may be regarded as the sum of a rectangle, with 
base 6 — (—3) = 9 and height f(—3) =1, anda 
triangle with the same base and with height 
f(6) — f(—3) = 7 — 1 =6; see Figure 8.1. The 
area is therefore 


9x1+5x9x6=36. 


= 0 6 = 


Figure S.1 


(Alternatively, the area of any trapezium can be 
found by applying the rule ‘half the sum of the 
lengths of the parallel sides times the 
(perpendicular) distance between them’.) 


An integral of f(z) = $x + 3 is 
F(a) = 40° + 3a. 


(Any choice of the form F(x) = 42? + 3x +¢, 
where c is a constant, is correct here.) Then we 
have 


F(6) — F(—3) 
= (4(6)? +3 x 6) — (4(-3)? +3 x (—3)) = 36, 


which is the same value as the value for the area 
calculated in part (a). 


Solution 4.3 
(a) [§a7)3 = 5x 5?-§ x 3? = $(25-9) =8. 
(b) [cos2]2” = cos(27) — cos0 = 1—1=0. 


fc) (et, =e -e" =e—e * = 725. 


Solution 4.4 
a 


(a) An integral of x? is 32°, so we have 


t 


(b) An integral of e° is e’, so we have 


2 
/ e* dit = fe]. 
0 
=f Se" - bee 


(c) An integral of 1/u is Inu (for u > 0), so we have 
4 
1 
/ = du = [Inu]; 
ss 
=In4 — inl 2 ao Ls. 


Solution 4.5 


(a) The area required is 


1 
/ x? dx, 
it 


whose value you found in Activity 4.4(a) to be 5. 


(b) The area required is 


2/3 
/ a Sa 
0 


Sa —ie° — (—4e°) 
= $(1—e-*) ~ 0.288. 


(c) (i) Using the Product Rule, we have 
d 
sy (u(In u — 1)) 
d d 
= 7, (u) (in u —1)+ us (Inu — 1) 
1 
= (1)(nu-1)+4u @ 
=Ine—1+1= ind. 


(ii) From the result of part (i), an integral of 
Inu is u(Inu— 1). Hence the area required is 


2 
/ Inudu = [u(Inu — 1)] 
1 
= 2(In2 —1) —1(In1 —-1) 
=e = tS 


Solution 4.6 


(a) 


The function f(x) = x takes negative values 
for x < 0, so is negative on part of the interval 
[—1, 1]. Thus the integral 


1 
/ xe dx 
ae 


does not represent an area. 


The function f(x) = x? is zero at x = 0, but is 
otherwise positive. Hence the integral 


1 
/ x? dx 
a 


represents the area under the graph of x? 
from —1 to 1. (In fact, you found this area in 
Activity 4.5(a).) 


The function f(z) = cos is negative 
for 7/2 <x < 37/4. Thus the integral 


37/4 
/ cos x dx 
0 


does not represent an area. 


Solution 1.1 


In each solution, c is an arbitrary constant. 
t7mrl 


(a) fe eee 


(b) / (= +4 sin(6y) dy = for + 5sin(5y)) dy 


= ~ —cosiby) 4c 


(c) [200s = ds = 14sin & +c 
(d) [ (Gre) ao=sinv + fe +e 


(e) [ieltae =2e7/4 + ¢ 


Solution 2.1 


In each solution, c is an arbitrary constant. 


(a) [tia = [er dt 


a. Bete 


(b) fos do = [ee dx 


1 
(c) [2( +2028 -=) da = f (2 +20"! -1) dx 


=te° +32 —z+e 


(d) Here we use a double-angle formula for cos(26), 
with 6 = 4u, which gives 


cos*(4u) = $(cos(8u) + 1). 


The required indefinite integral is 


[ cos*(au) du = [G cos(8u) + 4) du 


= 4 sin(8u) + gute. 


Solution 2.2 


(a) The factor sina in the integrand is, except for a 
constant multiple, the derivative of cos x, so we 
can apply equation (2.3) with f(x) = cosx and 
n = 3. Since f’(x) = —sinz, we write 
sin x = —(—sin x) before applying the formula. 
Thus we have 


[ sinccos? x da = ~ | cos’ x(—sin x) dx 


= —icos*r +c, 


where c is an arbitrary constant. 


(b) The integrand can be written as 17(x° + 1)~?. 
The factor x? is, except for a constant multiple, 


the derivative of x? + 1, so we can apply 
equation (2.3) with f(x) = 2° + 1 and n = -2. 
Since f’(x) = 3x”, we write x? = 3(3x”) before 
applying the formula. Thus we have 


lary 5 fe + 1)*(30*) da 


1 
= Os + Cc. 
where c is an arbitrary constant. 


Solution 2.3 


(a) On multiplying top and bottom of the fraction 
in the integrand by e-*, we obtain 


ae x =—2 
/ > dy / re 
e* +1 le ee as 
On the right-hand side, the numerator of the 
integrand is the derivative of the denominator, 
so we may apply equation (2.4) with 
f(x) =e* +e”. This gives 


fe In(e* + e~*) + 
scieeeirmianweioemaiins == 3 
aa x e e e 


where c is an arbitrary constant. 
(b) Starting from the given right-hand side, we have 


ot Se 5 ne 
eft] e444 e4% 4] 
er 41-2 
eesti 
p= j 


a 


Hence, using the result of part (a), we obtain 


i ae | 
dx = 1 = be 
barr 3 f ( ert + ‘ 


= $(x —In(e* +-e-*)) +¢, 


where c is an arbitrary constant. 


(c) On dividing top and bottom of the fraction in 
the integrand by x, we obtain 


/ : die = fae 
glnzx Ina 


On the right-hand side, the numerator of the 
integrand is the derivative of the denominator, 
so we may apply equation (2.4) with f(x) = Ina. 
This gives 


1 
= Inf] 
lan# n(Inaz) +, 


where c is an arbitrary constant. 


Solution 3.1 
(a) 


Choose the s-axis to point vertically upwards, 
with origin at the point of projection of the ball. 
Then the ball (modelled as a particle) has 
constant acceleration —g. 


The ball attains its maximum height when its 
velocity is zero. The most direct approach to 
finding this height is to apply equation (3.6). We 
have 


vy? — Jas = v4 — 2aso, 
where a = —g © —10, 59 = O and vp = 25. Thus 
when v = 0, we obtain 
_ % = 26° 
20° fee 


so the maximum height reached by the ball is 
31.25 metres above its point of projection. 


$= = 31.25, 


The ball returns to its point of projection when 
s = 0 for the second time. According to 
equation (3.2), we have 

s= Sate + vot + So; 
but with a = —10, vp = 25 and sp = 0, this 
becomes 

s = 25t — 5t? = 5t(5 — 2). 


Thus s = 0 either at t = 0 (which is when the 
ball is projected) or at t = 5, so the ball returns 
to the point of projection after 5 seconds. 


The ball is 20 metres above its point of 
projection when s = 20, that is, when 


90 = 9 — Se, -or “SF — Zara 
This quadratic equation factorises as 
5(t — 1)(t-— 4) = 0, 


which has solutions t = 1 and t = 4. Therefore 
the ball is 20m above its point of projection at 
1s and 4s after it has been projected. 


Solution 3.2 
(a) 


We need to differentiate y = cos u, where 
u = 2t —@. Applying the Composite Rule, we 
have 


dy _ dy du 
dt  dudt 
d d 
= 7, 68 u) a, (at — @) 


= —sinu X 2 = —2sin(2t — @). 


Similarly, we need to differentiate y = sin u, 
where u = 2t — 6. Applying the Composite Rule, 
we have 


dy _ dy du 
dt  dudt 
d d 
=: --(gintag sete ee 
.s (sin w) 7 t — 6) 


= (osu % 2. Poms at = 0). 


(b) 


From the acceleration function 
dv 
dt 


and using the first result from part (a), we have 


=a = —50sin(2t — 6), 


y= [ (0 sin(2t — 0)) dt = 25 cos(2t— 0) + «, 


where c is an arbitrary constant. Since 
v = 10V6 when ¢ = 0, and 


9 = arcsin(=) = arccos(# v6), 


we find that 
10V6 = 25 cos(—arccos(? V6)) + ¢ 
= 25 x 2V6+¢; 
that is, c= 0. Hence the velocity function is 
v = 25cos(2t — 6). 


From the velocity function for ds/dt = v just 
found, and using the second result from part (a), 
we have 


3= [2 cos(2t — 6) dt = 12.5sin(2t — @) + ¢, 


where c is an arbitrary constant. Since s = 30 
when t = 0, we find that 


30 = 12.5sin(—arcsin(#)) + ¢ 
= 12.5 x (-#) +¢ 
that is, c= 32.5. Hence the position function is 
s = 12.5sin(2t — 0) + 32.5. 


The largest value of s = 12.5sin(2t — 8) + 32.5 
occurs when sin(2t — @) = 1, and is therefore 45. 
So the length of the bungee at full stretch is 45 
metres. 


The largest value of Ja] = 50|sin(2t — @)| occurs 
when |sin(2t — @)| = 1 and is therefore 50ms~° 
(that is, 5 times the acceleration due to gravity). 
Now sin(2t — 6) = 1 corresponds to the 
maximum value 45m for s (whereas 

sin(2t — 0) = —1 does not occur while the 
bungee is stretched), so that the largest 
magnitude of acceleration is experienced where 
the bungee has its maximum extension. 


Solution 4.1 
(a) An integral of cos(5x) + 2sin(5z) is 


= sin(52) — 2 cos(52), so we have 


m/4 
/ (cos(5x) + 2sin(5x)) dx 


= |? sin(5x) — 2 cos(5a)]7/* 
z sin(?7) _ 2 cos(?7)) _ (+ sin 0 — 2 cos 0) 


(-1/v2 J (-1/v2) = (—2) 
b (1/v2 +2) ~ 0.541. 


(b) An integral of 6u~? is —6u~*, so we have 


(c) Using the integral given, we have 


TT 
/ e’ sint dt 
0 


e'(sint — cost)| 


e" (sin 7 — cos 7) — 4e"(sin 0 — cos 0) 


Se a teed ae 
oe eee 


| 
NIA Nl Wi tan 
Fie a SS) 


Solution 4.2 


(a) Since 2x° > 0 for 1 < x < 2, the area required is 


(b) If 0 < xz < 3, then we have both x > 0 and 
3 > 2, that is, 3—2 >.0. Hence x(3 — x) is the 
product of two positive factors, so 7(3 — x) > 0. 


The graph of y = x(3 — x) is a parabola which 
cuts the x-axis at x = 0 and x = 3. As just 
shown, this graph is above the x-axis for 

0 <a< 3. Thus the area required is the area 
under the graph of y = x(3 — x) from x = 0 to 
C= S, Whe is 


[ e-aar= f (or 2%) ae 


= fie" te 


a O 
ee > mee | 2 
=5 x3 oS 
on en 2 
a ae 9= 5. 


(c) Since 1/(1 +27) > 0 for all x, the area required 
is 


2 
1 
- ee dx =[arctanz|* (given) 


= arctan 2 — arctan(—2) 
= 2, orci. = 2.21. 


Solution 4.3 


(a) The area of a circle with radius zero is zero, so 


that A(0) = 0. 


(b) The annulus is obtained by removing a circle of 
radius r from a circle of radius r + h. Hence its 
area may be written as A(r +h) — A(r). 


(c) The area of the annulus is approximated by that 
of a rectangle with length 27r and width h, 
which has area 27rh. 


(d) From parts (b) and (c), we have 
A(r +h) — A(r) ~ 2arh. 


On dividing by A and then taking the limit as 
h — 0, this becomes 


lim (ae) = nr 


h—0 h 
The left-hand side is the derivative of A(r), so 
we have 

A (+) = Day, 


as required. 


(ce) Integration gives 
A(r) = [om dr = tr” +c, 


where c is an arbitrary constant. On putting 

r = 0 and using the result of part (a), we find 
‘hat c —0 so that Air) = ar’ (0 < r-< R)..In 
particular, we deduce that A(R) = 7R?. 
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